
In a recent paper, Keylock (2005) suggested the use of

Tsallis (1988) generalized entropy as a parametric meas-

ure of biological diversity. Keylock (2005) notes that

since the Shannon and the Simpson diversity indices are

special cases of Tsallis generalized entropy, the proposed

function represents the cornerstone for a continuum of

possible diversity measures.

Also, beyond the practical aspects of diversity meas-

urement and comparison, the author showed that Tsallis

generalized entropy may be useful for modeling various

properties of ecological systems within the broader con-

text of statistical mechanics and generalized information

theory. As shown by Keylock (2005), a generalized ver-

sion of the Zipf-Mandelbrot distribution sometimes used

to characterize rank-abundance relationships may be ob-

tained from the Tsallis entropy, thus providing an infor-

mation-theoretical framework for the macro-ecological

study of the energetics of communities. In this view, as

well as by providing a useful practical tool for field ecol-

ogy, the Tsallis entropy has more general implications in

ecological theory.

Incidentally, the proposed measure of parametric di-

versity has a long history in statistical ecology. It has been

well-known for more than 25 years as the ‘diversity index

of degree β’ (Patil and Taillie 1979, 1982). Unfortunately,

neither the author nor the referees of Keylock’s (2005) pa-

per were able to detect the analogy between the Tsallis

generalized entropy and the Patil and Taillie diversity in-

dex of degree β. Therefore, I came to the idea of shortly

revisiting some historical aspects on the development of

parametric diversity in statistical ecology in order to un-

derstand why most of this work was ignored by the eco-

logical community.

A brief history of parametric diversity indices

Since the work of Hurlbert (1971), ecologists have de-

veloped a number of parametric measures for summariz-

ing community diversity (Hill 1973, Patil and Taillie

1979, 1982, Tóthmérész 1998, Baczkowski et al. 2000,

Southwood and Henderson 2000, Ricotta 2004), the most

celebrated of which is probably the Hill family of indices.

For a set composed of S elements with the relative

abundance vector p = (p�, p�, ..., p�), Rényi (1961) ex-

tended the concept of Shannon’s entropy by defining a

parametric entropy of order α as:

(1)

where p� denotes the relative abundance of the j-th ele-

ment (j = 1, 2, ..., S) within the set such that 0 ≥ p� ≥ 1, and

. In principle, αmakes mathematical sense for

∞ ≥ α ≥ ∞. However, a parameter restriction (α ≥ 0) has

to be imposed if Hα should possess certain desirable prop-

erties, such as the Pigou-Dalton principle of transfers that

renders it adequate in ecological research (for details, see

Patil and Taillie 1982).

In its very essence, the entropy H of a given set is a

measure of uncertainty in predicting the relative abun-

dance of elements. High entropy thus implies high unpre-

dictability and is maximum when all elements occur in

equal abundance (an even distribution). The amount of in-

formation obtained from observing the result of an experi-

ment depending on chance can be taken to be numerically

equal to the amount of uncertainty in the outcome of the

experiment before carrying it out. Therefore, entropy can

also be viewed as a measure of information (Rényi 1970).
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Expanding on Rényi’s work, Hill (1973) showed that

the generalized entropy Hα has many desirable properties

for summarizing the diversity of a biological community.

One particularly convenient property is that a number of

traditional diversity indices are special cases of Hα. For

instance, for α = 0, H� = ln S, where S is species richness;

for α = 2, H� = ln 1/D, where D is the Simpson concen-

tration or dominance D = , and p� denotes the

relative abundance of the j-th species. Finally, for α = ∞,

Hα= ln 1/p���, where p��� is the relative abundance of the

most frequent species in the assemblage. Notice that for

α = 1, Eq. (1) is defined in the limiting sense, and H�

equals the Shannon entropy, .

Traditional diversity indices such as the Simpson con-

centration or the Shannon index supply point descriptions

of community structure. On the other hand, according to

Hill’s generalization, there is a continuum of possible di-

versity measures, which differ in their sensitivity to the

rare and abundant species in the assemblage, becoming

increasingly dominated by the commonest species for in-

creasing values of the parameterα (Patil and Taillie 1982,

Ricotta 2000). In this view, changing α can be considered

a scaling operation that takes place not in the real, but in

the data space (Podani 1992)
�
.

Besides Rényi’s generalized entropy of order α, sev-

eral additional generalized information functions were

discovered and rediscovered during the years in fields as

different as mathematics, physics and engineering. For a

short overview on “the labyrinthic history of entropies”,

see Tsallis (2002).

For instance, in the physics community, Tsallis

(1988) developed another generalized information func-

tion given by

(2)

Here, for α = 0, H
�

= S–1 (i.e., a monotone function of

species richness for which the diversity of monospecific

assemblages equals zero); for α = 1, H
�

=

, for α = 2, H
�

= (i.e., the

Simpson diversity), and forα→∞, H
∞

converges to zero.

Since the Rényi and the Tsallis entropy both depend on

the same expression , the relation between

Hα and H
∞

follows from a simple comparison of Equation

(1) with Equation (2):

(3)

From a mathematical viewpoint, the Rényi entropy

and the Tsallis entropy have slightly different properties.

While the Shannon entropy is both con-

cave and extensive, the Rényi entropy Hα is extensive but

concave only for 0 < α ≤ 1. By contrast, the Tsallis en-

tropy H
α

is concave and nonextensive for allα > 0. There-

fore, for practical purposes one uses an entropy most ade-

quate to solve the given problem (Aczél and Daróczy

1975, Tsallis 2002).

In statistical ecology, the same measure of parametric

diversity was independently proposed more than 25 years

ago by Patil and Taillie (1979, 1982) as the ‘diversity in-

dex of degree β’

(4)

Interestingly, ∆β was proposed in the ecological literature

within the context of intraspecific encounter theory and

without any information-theoretical interpretation (see

Patil and Taillie 1979, 1982). Nonetheless, putting α =

β+1, the diversity index of degree β is identical to Tsallis

(2002) nonextensive entropy (see Eq. 2). This identity

was first noticed by Ricotta (2003).

While Keylock (2005) remarks that: “From the per-

spective of [the Tsallis] generalized measure of entropy

[the Shannon entropy] is no more justifiable than [the

Simpson diversity] as a diversity measure because both

can be linked to a generalized formulation of entropy”,

Patil and Taillie (1979), reversing the same argument, ob-

serve: “Particularly, we note that the Shannon index has

an encounter theoretic interpretation and thus should not

be singled out or criticized simply because its continuing

use in information theory”.

Also, within the context of intraspecific encounter

theory (that is certainly rooted deeper in the ecological

practice than the abstract concept of information theory)

Patil and Taillie (1979) show the close relationship of the

diversity index of degree β with the parametric diversity

index proposed by Hurlbert (1971):

(5)

where Sα represents the expected number of species pre-

sent when a random sample of sizeα (α ≥ 1) is drawn with

replacement from a given species assemblage (Hurlbert

1971, Tóthmérész 1994, Ricotta 2004). Note that, in the

ecological community, the fundamentals of Hurlbert’s

pjj

S 2

1=∑

−
=∑ p pj jj

S
ln

1

H pj

j

S
α α α= − −

=
∑( ) / ( )1 1

1

−
=∑ p pjj

S

j1
ln pjj

S 2

1=∑

pjj

S 2

1=∑

H Hα
α

α
α=

−
+ −1

1
1 1ln[ ( ) ]

−
=∑ p pjj

S

j1
ln

∆β
β β= − +

=∑( ) / .1 1

1
pjj

S

S pj

j

S

α
α= − −

=
∑( ( ) )1 1

1

��� �������

� 
���
 � �������� ��������� ��������� ��� �! "��!��#� ��$�%���� &'�
 �� � ��$���� �$ �'� $���� (������ �$ 
���#� ��(������ ����� �%)������

�� �'� ������
� �
���
���� �*�) +�,�� �������
 )��%-'� ./���#� &��, �� �'� ��������� �$ �'� �%�'��0 1'� ����� &�� �%)���'�� &��' �'�

./��� ������� ����� ��  �!�!"#
 �$��� ��&�����- �"��!��
 �������� ����%���������0



scaling function have been recognized in an elementary

form since the 1930’s (Tóthmérész, personal communica-

tion).

To complete the picture, it is also worth mentioning

that another generalized entropy function of the form

(6)

was extensively studied by Aczél and Daróczy (1975). As

emphasized by Tsallis (2002), this function is very similar

to the generalized entropy of Eq. (2), though with a differ-

ent prefactor fitted for binary variables. In the ecological

literature, its use as a parametric diversity measure was

first proposed by Tóthmérész (1993, 1995).

Where next?

Why were the many pioneering contributions on para-

metric diversity (such as the papers of Patil and Taillie

1979, 1982) largely overlooked by later authors? One

might argue that, since the 1979 paper was published in

an edited book, while the 1982 paper was published in the

Journal of the American Statistical Association, both pa-

pers experienced a rather limited circulation among

ecologists. However, this is probably not the case, at least

for the 1982 paper, which was reviewed in the same jour-

nal issue containing the Patil and Taillie article by George

Sugihara, a central figure of quantitative ecology.

By contrast, a more plausible explanation emerges by

considering the different approaches to biodiversity re-

search in the 1970’s and 1980’s. Many statistical ecolo-

gists considered (and still consider) the problem of meas-

uring biodiversity from a statistical perspective with little

or no reference to the biological factors that affect the

structure of species assemblages. As clearly illustrated by

Colwell (1979): “The statistical approach to diversity has

focused on the goals of relating empirical distributions

(principally species abundance data) to theoretical ones,

and on finding parameters or indices appropriate for com-

paring the species diversity of collections or communi-

ties. These goals are usually seen as preliminary to the in-

ference of mechanisms and processes from differences or

universals among empirical patterns.”

Hence, in the view of these authors, the statistical as-

pects of diversity metrics have a primary role that needs

to be examined first: “Diversity as an unequivocal and in-

herent property of a biological system does not exist. In-

stead, as it is the case with any other statistic, diversity

values are merely numbers and their relevance to ecologi-

cal problems must be judged on the basis of observed cor-

relations with other environmental variables” (Molinari

1989; see also Ricotta 2005).

By contrast, from the perspective of a field ecologist,

there was a strong belief that diversity as an ecological

concept is different from diversity as a statistical index.

For instance, in his comment on Patil and Taillie (1982),

Sugihara (1982) noted: “To the ecologist, diversity is in-

teresting as a property of state in so far as it has the poten-

tial to reflect the nature of the underlying processes and

organization that structure the community. Therefore, be-

yond arbitrary or weakly motivated definitions the scien-

tific interest in and importance of ecological diversity

hinges directly on its possible connection with the func-

tioning and organization of communities...”

Similarly, in reviewing the book edited by Grassle et

al. (1979), Pielou (1980) wrote: “I was distressed to find

that so many people treat ‘diversity’ and ‘diversity index’

as synonyms. It will be evidently new to many statisti-

cians that an ecologist studying diversity is not merely en-

gaged in devising, and estimating, an index that is the

qualitative analogue to variance. Ecological diversity is a

biological phenomenon...”.

In a sense, the pioneering work of Hurlbert, Hill, Patil

and Taillie and many others was not relevant for the ma-

jority of the ecologists of the 1970’s and 1980’s. For in-

stance, they simply ignored how to use the proposed di-

versity measures for relating community structure to

ecological functioning, going beyond the purely statisti-

cal aspect of diversity measurement and comparison.

It is just in the latest few years, under the impulse of

modern biocomplexity research, that some theoretical

ecologists rediscovered the more general utility of para-

metric entropy and diversity for modeling various proper-

ties of ecological systems, as elegantly illustrated by Key-

lock (2005).

To conclude, an up to date re-examination of the pio-

neering papers on parametric diversity of the 1970’s and

1980’s might promote deeper understanding of new as-

pects of ecological theory and its modeling implications

within the broader context of statistical mechanics and

generalized information theory. On the other hand, by ig-

noring more than 25 years of work on parametric diversity

we risk throwing out the baby with the bathwater.
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