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Abstract. In this paper we examine some ranked set sampling (RSS) methods to estimate the means of multiple characteris-
tics in a single investigation. These methods include RSS as developed by McIntyre with equal as well as unequal allocation,
and a modified version of Takahasi’s RSS method. For determining the unequal allocation we use the Neyman’s criterion
with concomitant ranking as suggested by Sarndal, Swensson and Wretman (1992) for obtaining a near-optimal allocation
for stratified sampling. In the modified Takahasi’s method ranking information is utilized at the estimation stage, and as such
onignoring the information one obtains a random sample. This method is also based on the same assumption as the McIntyre’s
RSS method that the ranking of a unit in a small group with respect to the characteristic of interest is easier than its quan-
tification. These procedures are illustrated using a real data set consisting of height, diameter at breast height, and age of trees.
All the three methods provide better estimators of the population mean than the simple random sampling (SRS) method with
the same sample size. But the McIntyre’s RSS method with the unequal allocation performs better than other RSS methods

under consideration.

Introduction,

While dealing with multiple characteristics in a sample
survey one usually encounters two scenarios. Under the first
scenario the aim is to estimate a parameter, say the popula-
tion mean of a characteristic of interest, using the informa-
tion about the rest of the characteristics. This procedure, in
fact, dichotomizes the available characteristics into two
groups viz. the main characteristic and the auxiliary charac-
teristics. The latter are used to bring refinement to the estima-
tion of the parameters of the former. Rao (1992) provides an
overview of this area. Under the second scenario one may be
interested in estimating a parameter, say the population
means of all available characteristics. This situation may
arise in environmental and ecological investigations more
often. For this kind of sample surveys each selected unit is
quantified for all characteristics of interest. The main idea
behind this scheme is to accomplish observational economy.
While providing some insight into this area of sampling Rao
(1992) mentions briefly some classical sampling methods
used for this purpose. In this paper, while considering the
second scenario we investigate the performances of some
ranked set sampling (RSS) methods. This method of sam-
pling is appropriate when identification and acquisition of
sampling units are inexpensive compared with their quan-
tifications, and the randomly selected units can be ranked by

visual perception or by some other crude methods with
respect to the main characteristic of interest without using
their exact measurements. By exploiting the ranking infor-
mation this method provides a more structured sample than
the simple random sampling (SRS) method does with the
same sample size. Though it was developed by McIntyre
(1952) for estimating pasture yields, it was used first by Halls
and Dell (1966) in a field survey to estimate the weight of
browse and herbage in a pine-hardwood forest of east Texas.
While Patil, Sinha, and Taillie (1994a) provide a detailed and
up-to-date overview of this method, Patil, Sinha, and Taillie
(1992a) present an annotated bibliography of the literature
on this area of sampling (see also Johnson, Patil and Sinha
1993). For estimating the population means of multiple
characteristics Patil, Sinha, and Taillie (1994b) discuss this
method, and using two characteristics they show that the
population means can be estimated more efficiently by RSS
with the equal allocation than SRS with the same sample
size. But the mean of a characteristic is estimated more effi-
ciently using a ranked set sample (RSS) obtained with per-
fect ranking than that with concomitant ranking. Apart from
this, they also discuss a ranking model based upon the con-
cept of size biased permutations. This model permits a wide
spectrum of ranking accuracy ranging from random ranking
to near perfect ranking. In fact, this allows the ranking of
units to depend upon several or all characteristics collective-
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ly. While extending the work further we, in this paper, at-
tempt to examine the performances of RSS with the equal
and unequal allocation as proposed by McIntyre (1952), and
a modified version of the RSS method developed by
Takahasi (1970). The unequal allocation is based on the
Neyman’s criterion which suggests that the sample size for
each rank order should be proportional to the standard devia-
tion of that rank order. But this method requires the
availability of the population standard deviation of each rank
order for all characteristcs of interest. To deal with this im-
passe we take help of a concomitant variable. Note that it is
used for providing ranks when units cannot be ranked with
respect to the main characteristic of interest. As this variable
is supposed to be known we use its standard deviations for
various order statistics for determining the unequal alloca-
tion. In absence of these population standard deviations one
may take help of some previous surveys of similar nature or
one may conduct a sample survey of a small size using RSS
with the equal allocation. In fact, this predicament also arises
in stratified sampling while determining the optimum alloca-
tion based on the Neyman’s criterion. For this situation
Sarndal, Swensson, and Wretman (1992) suggest to replace
the population standard deviation of the main variable by that
of an auxiliary variable. They call this as “‘x-optimal
allocation’” because they denote the main variable by ¥ and
the auxiliary variable by X. Depending upon the correlation
between the two variables one can get a near-optimal alloca-
tion. The main benefit of the Takahasi’s method is that one
gets a random sample on ignoring the ranking information,
and thus one can address issues that might arise retrospec-
tively with this RSS. Also, the accuracy of existing ranks can
be improved as the information base grows. For these
reasons the RSS method appears to be more appropriate for
environmental and ecological sampling and monitoring
situations. In this paper we also introduce a modification to
the RSS method developed by Takahasi (1970) for estimat-
ing multiple characteristics. The modification to the
Takahasi’s method ensures that there will be at least two
quantifications for each rank which, in turn, allow estimates
of the variance of the means to be calculated. As a result of
this procedure each characteristic is estimated with its own
ranking capability, and as such it may provide a better es-
timate than the one based on a concomitant ranking using the
Mclntyre’s equal allocation technique. This method uses the
ranking information at the estimation stage whereas the
Mclntyre’s method applies this information for selecting
units. For a large sample size the Takahasi’s method shows
the same performance as that of the McIntyre’s RSS method
with the equal allocation under perfect ranking scenario. For
illustration we use a real data set referred to by Platt, Evans,
and Rathbun (1988).

Methods of ranked set sampling

For estimating the means of multiple characteristics we
examine RSS as proposed by Mclntyre with the equal and
unequal allocation, and a modified Takahasi (1970)’s RSS

method. All these methods are described separately in the
following sections.

RSS with equal allocation

Let us first discuss RSS as developed by McIntyre
(1952). According to this method m® units are randomly
selected from an infinite population, and the selected units
are arranged in m sets, each consisting of yn units. After rank-
ing the units of each set separately with respect to the vari-
able of interest, the unit with the lowest rank i.e. with rank
one is quantified from the first set, the unit with the second
lowest rank i.e. with rank two is measured from the second
set, and the process is continued until the unit possessing
rank m is quantified from the mth set. This process results in
m quantifications out of the m? units selected. In order to get
a larger sample size n the whole process is repeated r times.
This provides a ranked set sample of size n = mr. We call m
as the set size and r as the number of cycles. As one gets the
same number of quantifications r for each rank order this
procedure is called RSS with the equal allocation
(RSSWEA).

Let us denote the ith order statistic from the ith sample in
the jth cycle by Yiimy; i=1,..., m; j=1,..., r assuming perfect
ranking. The RSS estimator of the population mean py is
defined as
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where 0?1(,‘;,") denotes the variance of ¥(i:m).

In order to compare the effectiveness of RSS with SRS
we compute the relative precision RP(Y) of the RSS es-
timator as compared with the corresponding SRS estimator
Y. The expression for the RP is given below:
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The unbiased RSS estimator of o¥ is given below:
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Inserting the expressions for ¥i:mj and ﬁy:Rss the estimator
of 6% is obtained as:
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For these results see Patil, Sinha, and Taillie (1992b and
1993).

When it is not possible to rank the randomly drawn sam-
pling units with respect to the magnitude of the variable of
interest we take help of some other readily available variable
for this purpose. The other variable needs to be correlated
with the main variable, and is known as a concomitant vari-
able. For example, to estimate the average volume of trees,
the randomly selected trees may be ranked by their height or
diameter. We use this method of ranking for drawing ranked
set samples for estimating the means of multiple characteris-
tics. Let us denote them by X, Y, and Z. Now assuming that
units can be ranked relatively perfectly with respect to Y we
draw a ranked set sample of size mr of this characteristic.
These selected units are also quantified for X and Z. And the
quantifications are given the same ranks as those of Y. For
example, a unit whose quantification for Y gets the first rank
then its quantifications for X and Z will also have the first
rank. In fact, in the RSS literature this kind of ranking is
called concomitant ranking. Though the RSS estimators of
the means of all these characteristics are more efficient than
the corresponding SRS estimators, the efficacy of an RSS es-
timator depends on the correlation between the variable of
interest and the concomitant variable apart from the level of
skewness of the concerned variable. See Patil, Sinha and
Taillie (1994a). In this situation the ith order statistic of X
from the ith sample in the jth cycle is represented by Xjimji
instead of X(;:m).

Using (1) we estimate the means of X and Z. But we
denote the relative precisions of the RSS estimators of the
population means of X and Z compared with the correspond-
ing RSS estimators by the RP(X:Y) and the RP(Z:Y) respec-
tively. The expression for the RP(X:Y) is given below:
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An estimator of the RP is given below:
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where C?z{X:RSS] is obtained using (6). Here,

Likewise, we define the RP(Z:Y) and its estimator.

RSS with unequal allocation

In order to draw a ranked set sample with unequal alloca-
tion we need to know the population standard deviation of
each rank order i.e. G(;:m). Let us suppose that 7; denotes the
number of sets to be quantified for the units having rank i.
According to the Neyman’s criterion
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where ry +r2 +.... + rm = n. Evidently, r; cannot be deter-
mined if G(;:;m) is not known. In this situation it is computed
by using an estimator of O(;:m). While dealing with multiple
characteristics we obtain r; using the standard deviations of
order statistics of the characteristic which is used as a con-
comitant variable because it is supposed to be known and
correlated with other characteristics. For this purpose we use
the estimates of these standard deviations obtained on the
basis of a small ranked set sample based on the equal alloca-
tion. In fact, the same values of 1; are used for all the charac-
teristics under consideration. This method is also used for
obtaining a near-optimal allocation for stratified sampling.
See Sarndal, Swensson, and Wretman (1992, p.107).

Further, if 7; denotes the total quantification,s\ for the units
having the ith rank then the RSS estimator [ignyy of the
population mean [ty is given by
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variance is given below:
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Further, for determining the effectiveness of the RSS
procedure compared with the SRS estimator the relative
precision RP(Y) is defined as
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We may compute the RP(Y) if Gy(i:m) and oy are known.

If oy and Oy are not known then we use their es-
timators to obtain the IfP(Y). For this purpose we use the es-
timators of 0'%7 and o'%/(i;m) based on a ranked set sample
obtained by the unequal allocation. The aforementioned for-
mulas are also used for other characteristics. For this purpose
the unbiased RSS estimator of the population variance o¥is
given below:
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Takahasi’s RSS method

According to this method a unit is randomly selected
from each set, and after quantifying it a rank is given to the
quantification. For estimating a population mean it is neces-
sary that every rank has at least one quantification. With this
end in view one ranked set sample of size m is obtained using
the McIntyre’s RSS method with the equal allocation first. In
order to carry out this method for estimating the population
means of multiple characteristics a selected unit is quantified
separately for each characteristic, and each quantification is
recorded with its rank. For estimating a population mean we
use the following estimator:

m
uTRss=—2n +1

where T; denotes the sum of the quantifications with rank i
and n; represents the number of quantifications with rank i
obtained by the Takahasi’s method. In fact, (n;+1) is the same
as r; in (14). Moreover,

m m
2 Ti ——'Zni +m
i=1 =1

m
or, 2 ni=n—-m
i=1
The variance of the estimator is given below:

var(iirrss) = m [1—(1—i)"""+1} Notim . (22)

i=1

In order to obtain an estimate of (22) we need to estimate
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Here, ﬁ(i;m) denotes an unbiased estimator of the population
mean of the ith order statistic.
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Obviously, we cannot estimate G(Zi;m) if n;=0. As such
we must have a ranked set sample using the Mclntyre’s
method with two cycles, if we wish to obtain an estimate of
var(uT gss). In this situation we define
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Proof: Let n; denote the number of quantifications with rank
i following the Takahasi’s method. Here, (n;,...,nm) has a
multinomial distribution. Then,
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The expression for the RP(Y) is given below:
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IHustration

In order to examine the performances of these RSS
methods for estimating the means of multiple characteristics
we use a real data set consisting of height (Y), diameter (X)
at breast height, and age (Z) of 399 trees. See Platt, Evans and
Rathbun (1988) for a detailed description of the data set. We
obtain the following result for a specific sample with the set
size 6 and the number of cycles 10.

With the equal allocation we get an estimate of the RP as
3.40,2.36, and 1.76 for height, diameter and age respectively
whereas the corresponding values in the case of the unequal
allocation are 4.21, 3.05, and 2.60 respectively. While using
the modified Takahasi’s method we obtain the estimates of
the RP’s for height, diameter, and age as 3.17, 2.95,and 2.86
respectively. This one sample illustration suggests that the
unequal allocation is overall the most efficient method of
RSS. The modified Takahasi’s method appears to be better
than the McIntyre’s method based on the equal allocation for
estimating the means of the variables which use concomitant

99

rankings. The estimates of the population means, variances
of the estimators, and the relative precisions obtained from
2000 simulated trials based on the real data set follow and
conform to our original intuitions concerning the efficiencies
of the three RSS methods.

We have chosen height as the concomitant variable, the
variable upon which ranking is based. In a retrospective
study such as this one, we have the benefit of perfect ranking
according to height. In practice, however, this ranking is
done without using the exact measurements, and therefore is
subject to judgement errors. Consequently, the performance
of the RSS methods in this study may be inflated. The num-
ber of quantifications has been fixed at n=60 with possible
values for m of 1,2,...,6, where m=1 corresponds to SRS.
Also, note that the samples are drawn with replacement as
not to diminish the variability present in the parent popula-
tion. Further,in order to have an idea of the relative gain due
to an RSS estimator as compared to the simple random
sample (SRS) estimator the relative saving (RS) is computed.
It is obtained by subtracting the reciprocal of the RP from
one. With a view to examine the variability of the charac-
teristics under consideration the coefficient of variation
(CV), the ratio of standard deviation to mean, is computed.
These values are expressed in percentages.

Simulations with equal allocation

We have simulated RSS with the equal allocation trials
as discussed in the Section on RSS with equal allocation and

calculated the estimators ﬁy -RSS, (Y:RSS)s var(uy RSS),
and[é)’(Y) using equations (1), (7), (2), and (11) respectively
for each trial. The averages of the estxmates obtained from
the 2000 trials are given in Table 1. The var(uy RSS) was also
estimated by the sample variance of the 2000 simulated
values of HY rss and is denoted by var(uYRssumng)

There are two important patterns which are revealed by
Table 1. First, the relative precision estimates for all sizes of
m are the highest for height, while the RP(X:Y)’s fall second
and the R’)’(Z:Y)’s are the smallest. This is due to a fact that
we had perfect ranking on the variable ¥ and concomitant
rankings for the X and the Z. Moreover, the correlation bet-
ween Y and X is higher than the correlation between Y and Z
causing theKP(X:Y)’s to be higher than the KP(Z:Y)’s. The
other factor which is responsible for this finding is the level
of skewness which is higher for age than that for diameter.
Also revealed by the table is the relationship between the set
size m, and the variance of MRSS More explicitly, as m be-
comes larger, the estimate of uRss becomes more precise.
The histograms of the sampling distributions of ﬁRss,
v/a\r(ﬁRss), and &(RSS) in Figures 1, 2 and 3, respectively,
graphically display this result.

Simulations with unequal allocation

Simulations using the unequal allocation as discussed in
the Section on RSS with unequal allocation were carried out
along with calculations of ﬁy;Rss, (Y:RSS), v?zr(ﬁy:Rss),
andlﬂ’(Y) using equations (14), (’21), (16), and (19) respec-
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Table 1. Simulation results for ranked set sampling with the equal allocation

Y =Height
m_ fy.rss__ o%(y.pss)  var(fyirss) var(Ay:Rgsampte) c¥(Y) RP(Y) RS(Y)
1 51.83 958.77 15.98 16.14 59.88 1.00 0.00
2 51.58 958.91 10.76 10.61 60.08 1.51 33.87
3 51.69 959.75 8.10 7.93 59.93 2.02 50.60
4 51.75 960.46 6.53 6.29 59.87 2.53 60.53
5 51.54 961.72 5.46 5.65 60.04 3.04 67.16
6 51.62 961.41 4.65 4.39 60.03 3.57 72.00
- X=Diameter
m_ jix:rss  9%(x:Rss) @(ﬁx:nss) @(ﬁx:nssmnpta) c(X:Y) RP(X:Y) RS(X:Y)
1 20.99 310.91 5.18 5.26 84.21 1.00 0.00
2 20.85 309.68 3.77 3.82 84.45 1.39 28.07
3 20.89 309.68 3.01 3.00 84.16 1.76 43.12
4 20.92 311.38 2.57 2.46 84.28 2.10 52.27
5 20.87 310.33 2.26 2.39 84.30 2.38 58.07
6 20.87 310.58 2.01 1.90 84.31 2.69 62.89
Z=Age
m__ fizrss 9*(z:rss) Var(iiz:Rrss) Var(iz:Rssample) 9(Z:Y) RP(Z:Y) RS(Z:Y)
T 5294 328200 54.70 56.14  107.84 1.00 0.00
2 52.33 3229.38 42.90 43.95 108.00 1.27 20.96
3 52.56 3255.60 37.00 36.80 107.88 1.49 32.88
4 52.49 3248.79 33.17 33.33 107.84 1.68 40.35
5 52.55 3265.97 30.84 31.83 108.04 1.82 45.02
6 52.51 3262.55 28.44 27.02 108.06 1.91 47.70
Table 2. Simulation results for ranked set sampling with the unequal allocation
Y=Height
m_ fiy.rss _0%(v:rss) var(By.rss) var(fAy.rssampte) v(Y) RP(Y) RS(Y)
1 51.54 960.79 16.01 15.55 60.27 1.00 0.00
2 51.74 959.14 10.74 11.52 59.95 1.52 34.38
3 51.61 956.48 8.09 7.95 59.96 2.05 51.16
4 51.71 960.81 6.51 6.84 59.98 2.59 61.38
5 51.59 960.70 5.44 5.58 60.09 3.14 68.10
6 51.67 959.94 4.66 4,25 59.97 3.65 72.60
X=Diameter
m_ fix:pss  0%(x:rss)  vor(iix:rss) ver(ix.pssampte) (X :Y) RP(X:Y) RS(X:Y)
1 2G.80 309.41 5.16 4.92 84.74 1.00 0.00
2 20.92 309.80 3.57 3.89 84.24 1.49 32.62
3 20.84 308.22 2.79 2.71 84.26 1.91 47.74
4 20.88 309.39 2.31 2.39 84.22 2.34 57.24
5 20.84 309.44 1.96 2.01 84.37 2.77 63.88
6 20.88 309.81 1.75 1.60 84.23 3.09 67.68
Z=Age
m_ fizpss  0%g.pss) var(iig.rss) var(Rz.rssample) w(Z:Y) RP(Z:Y) RS(Z:Y)
1 52.41 3258.99 54.32 53.31 108.46 1.00 0.00
2 52.50 3233.97 39.54 42.26 107.88 1.40 28.56
3 52.27 3224.78 32,96 32.85 108.03 1.68 40.43
4 52.49 3241.24 28.69 28.94 107.99 1.94 48.53
5 52.43 3252.36 25.84 26.83 108.22 2.17 53.83
6 52.50 3250.87 24.20 23.70 107.93 2.32 56.83
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Figure 1. Sampling distribution of ﬁRss for height, diameter, and age while using the equal allocation.
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Figure 2. Sampling distribution of var (ﬁnss) for height, diameter, and age while using the equal allocation.
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Figure 3. Sampling distribution of c’fl(RSS) for height, diameter, and age while using the equal allocation.
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tively for for each trial. The averages over 2000 trials are

re/:\pofr\ted in Table 2. As with the equal allocation, the

var(lly:rss) was also estimated by the sample variance of the
. A

2000 simulated values of y-gss.

The two patterns which emerged in the case of the equal
allocation surface again while using the unequal allocation.
First, the variable on which ranking is perfect has the highest
relative precision. For other variables, the magnitude of the
relative precision increases (decreases) as the correlation bet-
ween the other variable and the ranking variable increases
(decreases). As mentioned earlier the skewness of a variable
is also responsible for this difference. And second, as m be-
comes larger, the estimate of |Ly.rss becomes more precise.
Figures 4, 5 and 6 graphically reinforce this result.

Simulations with the modified Takahasi’s method

Simulations of the modified Takahasi’s method as
described in the Section on Takahasi’s RSS method and the
corresponding estimates of ﬁy;ng, c;\z(y;Rgs), v?zr(ﬁy;kss),
and Iﬁ’(Y) using equations (23), (21), (24), and (25) respec-
tively for each of the 2000 trials yield results similar to those
of the equal and the unequal allocation. First, the relative
precisions are the highest for height. And second, as m in-
creases the var(ﬁy:Rss) decreases. The estimates are shown
in Table 3.

N Figur,\es Z, 8and 9 d}\splay the sampling distributions of
Wy:rss, var(lirss), and cv(RSS), respectively.

Conclusion

The intent of this paper is to examine the efficiencies of
RSS methods which include the Mclntyre’s RSS methods
based on the equal and unequal allocations, and a modified
Takahasi’s method as compared with the SRS method for es-
timating the population means of multiple characteristics.
Considering the RP estimates for each of these methods
given in Tables 1 through 3, we draw conclusions about
which RSS method is most effective and when.

Under the scenario of perfect ranking i.e. for height the
performance of the McIntyre’s RSS method with the unequal
allocation is the best followed by the RSS method with the
equal allocation, and finally the modified Takahasi’s
method. For diameter and age also, the case of imperfect
ranking, we find that the unequal allocation performs the
best. In this situation the modified Takahasi’s method shows
better performance than the MclIntyre’s method with the
equal allocation because the former is based on perfect rank-
ing whereas the latter utilizes concomitant ranking.
Moreover, the higher values of the RP’s for diameter than
age are observed because of lower variability and skewness
of the former than those of the latter. Note that the estimates
of the CV concentrate around 60%, 84%, and 108% for
height, diameter, and age respectively.

While selecting an RSS method for estimating the

population means of multiple characteristics one may prefer
the McIntyre’s RSS method with the unequal allocation to

Table 3. Simulation results for ranked set sampling with the modified Takahasi’s method

Y=Height
m__fyirss _0%(v.nss)  var(ivirss) var(iy.pssempte) _0(Y) RP(Y) RS(Y)
1 51.82 958.31 15.97 15.53 59.86 1.00 0.00
2 51.84 957.00 10.94 11.53 59.71 1.49 32.66
3 51.69 956.45 8.34 8.29 59.84 1.96 49.06
4 51.65 957.82 6.83 G.85 59.91 2.41 58.56
5 51.65 955.95 5.73 5.77 59.85 2.88 65.31
6 51.70 959.65 5.04 4.69 59.89 3.31 69.81
X=Diameter
m_ jix:Rss _0%(x:pss) var(fxirss) var(Ax;Rssample) (X :Y) RP(X:Y) RS(X:Y)
1 20.91 310.07 5.17 5.05 84.40 1.00 0.00
2 20.96 310.44 3.73 3.83 84.10 1.40 28.79
3 20.82 309.07 2.91 2.86 84.38 1.82 45.00
4 20.87 309.48 2.47 2.44 84.22 2.16 53.75
5 20.84 308.90 2.13 2.07 84.25 2.52 60,35
6 20.90 309.70 1.92 1.90 84.11 2.84 64.73
Z=Age
m_ jzrss  0%ppesy var(Azpss) var(Ag.rssempte) w{(Z:Y) RP(Z:Y) RS(Z:Y)
1 52.50 324341 54.06 52.16 108.10 1.00 0.00
2 52.63 3241.62 41.59 42.27 107.62 1.30 23.20
3 52.40 3239.68 34.56 - 34.64 107.94 1.58 36.75
4 52.35 3254.36 30.31 30.66 108.23 1.83 45.29
5 52.44 3254.83 27.19 27.44 108.11 2.07 51.66
6 52.54 3256.41 25.06 25.28 107.93 2.27 55.97
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other methods because of its superior performance. But if
one thinks of using the collected RSS data in the future also
for either comparison or combining (i.e., meta analysis) pur-
poses without ranking information, or hopes to improve the
ranking information with growing information base the mo-
dified Takahasi’s RSS method needs to be considered.
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