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the above conditions.

Abstract: This paper is concerned with a predator-prey system, with autocompetition in both populations, supposing that
there are two phenotypes in each population, all the individuals have only one phenotype, and the populations are asexual.
Such populations may be modelled either by the Lotka-Volterra model or by density dependent evolutionary game dynamics.
The present paper shows that in terms of asymptotic stability of dissipative systems these approaches are equivalent, given

Introduction

Cressman & Dash (1987) were the first who investigated
the density dependent game conflict in a population in which
all individuals have only one phenotype. They have superim-
posed a frequency dependent fitness component and a den-
sity dependent one. The density dependent part was the same
for all individuals of the populations. Furthermore, they
proposed a density-dependent game dynamics. The deriva-
tions of the density dependent game dynamics are analogous
to those of the frequency dependent game dynamics devel-
oped by Taylor & Jonker (1978).

Cressman (1987) also studied the case when every in-
dividual has all phenotypes present in the population. Cress-
man gave the definition of the density dependent
evolutionary stable strategy (DDESS) for this case, and
derived a new, modified game dynamics. The rest point of
this dynamics is asymptotically stable if and only if it is
DDESS. Moreover, the author gave an example of a Lotka-
Volterra system which has an asymptotically stable rest point
but it is not DDESS.

Equivalence of two models

Let us consider a predator-prey system, with autocom-
petition in both populations. Suppose that there are two
phenotypes in each population, all the individuals have only
one phenotype, and the populations are asexual. For modell-
ing such populations we have two possibilities: the Lotka-
Volterra model and density dependent evolutionary game
dynamics.

Consider first the following Lotka-Volterra dynamics:
X1 = xi€1—anxi—ai2x-biiyi~bi2y2)

X2 = x2(81 — @211 — azx2 ~ baiyr — b2ay2) (la)
¥1=y1(-€2 + crix1 + c12x2 — diy1 ~ d12y2)
jrz = y2(—€2 + c21x1 + c22x2 — d21yi — d22y2)

where the x;-s are the densities of the i-th phenotype of the
asexual prey and y;-s are that of the i-th phenotype of the
asexual predator. Suppose that matrix A contains the para-
meters of the prey population which correspond to the in-
traspecific conflicts (competition) whereas matrix B contains
the parameters corresponding to the interspecific conflicts
(predation). Let matrices C and D contain the respective
parameters of the predator population. Then, we have the
community matrix of the Lotka-Volterra model in the fol-
lowing partitioned form

‘AB
I'= .
(CD)
Now we introduce the following quantities: N = xj + x2,
2 - , N DA - .
=N NI M=yi1+y2, q wov | er=0). and
e2 = (0,1). With these notations, the Lotka-Volterra system

can be written as

x1=x1(1 + e1(NAp + MBq))

x2 = x2(e1 + e2(NAp + MBq))
yi=y1(-€2+ei(NCp + MDq))
y2=y2( - €2 + e2(NCp + MDq))

(Ib)

Let us follow Cressman’s and Dash’s ( 1987 ) derivation
of density dependent game dynamics. The only difference
between the Lotka-Volterra model and the Cressman-Dash
model for density dependent game dynamics is that the latter
applied other forms of density dependence. In the Lotka-Vol-
terra model the number of interactions depends on the den-
sity, whereas in the Cressman-Dash model the additive
fitness component is the same for all individuals. In the first
step we give a ditferential equation for the time variation of
the total density of prey.

N=Xx1+x1=
=xi1(e1 + e1(NAp + MBQ)) + x2(e1 + ex(NAp + MBq))=



=N{ 81'ﬁ+

NN el(NAp +MBq))

+ El”ﬁ + Z_V- e2(NAp + MBq) | =
= N(g; + NpAp + MpBq).
In the same way we get
M =M( - &+ NgCp + MqDq)
for predator density.

The differential equation for the relative frequency of the
prey population is given by
{ﬂ\] »;th—XlN_
WM

—’1":, le1 + el(NAp + MBq) — | - NpAp — MpBq|

Note that using a simplified notation the above equation can
be written in the following form:
p=pW, = (W1 + (1 - p)Wal = p[W1 - W|

where Wi:%: is the fitness of the i-th phenotype of the
Lotka-Volterra model as in (1b). Formally:
WiMN.,p,q) = €1 + ei(NAp + MBq)

Thus, in this way the Lotka-Volterra system (la) cor-
responds to the following density dependent game dynamics:

p=p(l = p)(Wi — Wa)

N = N[p(W — W2) + W2] 2)
g=q(1-g)(V1-V2)

M =Mig(Vi = V2) + V2]

where
Vi= B (formally Vi(M,N,p.q) = —&2 + e(NCp + MDq))
Vi

is called the fitness of the i-th phenotype of the predator in
the literature.

It easy to see that if the Lotka- Volterra system has a non-
trivial equilibrium point, then it is also true for the density
dependent game dynamics and, conversely, if there is a non-
trivial equilibrium point of density dependent game
dynamics, then, upto substitution, it coincides with that of
the Lotka-Volterra dynamics. So if we start with the Lotka-
Volterra equation, and follow the derivation of Cressman
and Dash we get a density dependent game dynamics.

Now the question arises: does the canonical substitution
x1=Np, x2=N(1-p) and y1=Mg, y2=M1 -gq)
give the same result for the stability of the corresponding
equilibria?

For brevity we give the detailed mathematical analysis
only for the prey population. If we perform the substitution
we have
(Np) =Np + Np = NpWi 3)
(N(1 = p)j = N(1 = p) = Np = N(1 = p)Wa )

Superposing (3) and (4) we get

N=NpWi + (1 - p)W2] (5)
Now multiplying (5) by x and subtracting it from (3) we have
p=p(l-p)(Wi-W2) (6

Notice that equations (5) and (6) are the same as the second
and first equations of system (2) , respectively. If we apply
the above procedure to the predator population then we get
the whole system (2).

Hence by using the method of substitution of variables,
we can again assign the Lotka-Volterra and the density de-
pendent game dynamics to each other. The aforementioned
substitution is important because by using it we can show
that the Lyapunov function of the Lotka-Volterra dynamics
is mapped to the Lyapunov function of the corresponding
density dependent game dynamics.

The dissipativity property is very important in the theory
of Lotka-Volterra systems. We say that the Lotka-Volterra
system is dissipative if there exist a;>0 such that, for all z
different from zero, the following inequality holds:

A(z) = ZOL; Yij zi 7j <0

if
where 7j; are the elements of the community matrix for the
Lotka-Volterra system.

If the Lotka-Volterra system is dissipative and 7 is a posi-
tive equilibrium of (1a) then the function

L(z)= Y, o (Zi log zi — z)
1

is a Lyapunov function for the system. In the literature, a dis-
sipative Lotka-Volterra system is also called Lyapunov-Vol-
terra stable (Hofbauer & Sigmund 1988).

Now we suppose that system (1) is dissipative with the
following constants: o] = o2(=0t) and oz=04(=). thus

oy = arixy —apx2 = briyr — biay2) +

+ oo = axixy = anxy = baryr — bayz) + 7)
+ Byilenixr + cizxa — diyr — dizy2) +

+ Bya(caix1 + c22x2 — d21y1 — d22y2) < 0

Note that the above condition is stronger than the condi-
tion of dissipativity because the constants o and 8 belong to
the prey and the predator population, respectively, rather
than to the phenotypes. So the function
L{xix2,y1,y2) =

=0((x] log x1—x1+x2 log x2—x2)+B(v1 log yi—y1+y2 log va—y2)

is the Lyapunov function for system (1) in which x;, y; are
the coordinates of the rest point of system (1).

Now we show that when we compose our change of vari-
ables with the Lyapunov function of the Lotka-Volterra sys-
tem, then the function obtained will be a Lyapunov function
of the density dependent game dynamics. Indeed, if we carry
out the substitution we get the function
L(p,N,g.M) = a(x1 log Np +x2 log N(1 - p) -
+B(y1 logMg + y2 log M(1 — ¢) - M) =

Ny +



=ox1 logp +x2log (1 - p)+ (x1 +x2) log N-N) +
+B(1 log g +y21og (1 - g) + (1 +y2) log M — M)

Thus the derivative of the function L with respect to game
dynamics (2) is:

(@ -p+xp . X+n-N ]
+ N
pi-py 77N | |
yil=—q@)+yq. y+yp-M.
M
-9 M ]
= a1 - p) + 2p)(Wi — W) — (1 +x2 — N)W]
+BIG1(1 = @) + 329} (Vi — V2) = (1 + Y2 — M)V,
Since W=pWi1+ (1 -p)W2and V=gV + (1 — q)V2, s0
DL =o(xiW| +xaWa — NW) + BG1 V1 + y2Vo — MV)

Hence, by NW=x1 W1 + xoWa and MV =y V] + y2V2, we
have
DL = of(x1 — x))Wi + (2 — x2)W2) +

B = yDVi+ (2 - y2)V2)
Function DL must be positive definite. As a consequence, the
Lotka-Volterra system (1) is dissipative. (We give the cal-
culation only for the first phenotype of the prey.)

olx ~x)Wi =

DL =

=o(x] — x1)[€1 — a11(x1 — X1) — aa(x2 = x2) = bri(y1 = »1)
—b12(y2 —¥2) — a1x1 — azx2 — by — bi2y2] =

= +ox1 —x2)[ —anx —x1) - ai2(x2 — x2)

—b1i(y1 —y1) — b1202 - y2)1 .
If we carry through this simple transformation for the other
individual fitness function too, we obtain the inequality

- Doz~ 7z~ Z) <0
i
This inequality follows from the special dissipativity (7) of
the Lotka-Volterra system. So, the Lyapunov function of the
Lotka-Volterra system also provides a Lyapunov function of
the density dependent game dynamics.

In conclusion, we have shown that in case of (strong) dis-
sipativity the Lotka-Volterra dynamics and the density
dependent game dynamics display the same stability proper-
ty, and they have essentially the same Lyapunov function.

Discussion

One of the basic models of ecology is the Lotka-Volterra
model. Within the framework of this model we can merely
include those asexual "clones" which possess only one
phenotype. In the theory of {requency dependent evolution-

151

ary matrix games it is obvious that the following two cases
result in the same distribution of phenotypes:

— each individual possesses only one of the possible be-
havioural phenotypes of the population;

— all individuals mix all possible behavioural phenotypes
of the population.

In this paper the first case is considered because the
second one is not appropriate for the Lotka-Volterra model.

Cressman (1990) examined a density dependent game
dynamics where — within a particular population - all in-
dividuals can display each possible behavioural phenotypes.
Cressman also gave an example for such a Lotka-Volterra
model, the asymptotically stable equilibrium point of which
is not evolutionarily stable. His example was a two dimen-
sional system involving a predator and a prey phenotype of
the same species. The individuals in this model are capable
of invading the equilibrium system, provided it mixes the
"predator” and "prey" strategies with an equal rate of 0.5.
Notice that in this case of Cressman’s example all indi-
viduals must possess both phenotypes. An individual, how-
ever, in most cases is either a prey or a predator.

A common conclusion of Cressman’s result and that of
the present paper may be that any ecologically meaningful
model has to incorporate the distribution of the phenotypes
of the individual.

Hence, the result of this paper poses the following prob-
lem: If in a predator-prey system within both species we have
two phenotypes and all individuals possess merely one
phenotype, then how can we (ind a definition for "evolution-
ary stability" which gives a result equivalent to the Lotka-
Volterra model? The equivalence of these models can be
based on the fact that "evolutionary" stability cannot be im-
agined without ecological stability. Moreover, the basic con-
ditions of the two model families are the same. The
clarification of such issues could be an important develop-
ment for the application of evolutionary game theory.
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