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Abstract. The statistical procedures that are most widely used in ecological population and comunity re-
search belong to the family of parametric methods. Embedded in these procedures are assumptions about
the normal distribution of the underlying population, homogeneity of variances and linear response pat-
terns. One of the problems encountered in ecological and vegetation studies, however, is that these as-
sumptions are very difficult, if not impossible, to meet. In addition, a very serious shortcoming of the most
widely used statistical methods is the lack of congruence between the geometry of the data space, which
is for the most part Euclidean, and the analysis space, which in the standard parametric tests and most
of the nonparametric tests, is not Euclidean. In ecological and vegetation studies, the combination of a
fajlure to meet model assumptions and a lack of congruence between the geometries of the data space
and the analysis space can lead, as shown in this paper, to gross errors in data interpretation and hypothe-
sis testing.

A new and powerful statistical technique (MRPP) is presented in this paper which is free from assump-
tions about the underlying distribution model of the population under analysis, can easily handle nonli-
near data structures and more importantly meets the congruence principle (a common geometry for both
the data and analysis spaces). The theoretical formulations for MRPP and its randomized block design coun-
terpart MRBP as well as their relationship to other statistical methods are outlined in the first part of a
paper. This is followed by computer algorithms and programs needed for their inplementation as well as
a series of detailed examples which demonstrate major advantages of MRPP and MRBP over the currently

most widely used statistical methods.

1.0 Introduction

The strict application of the scientific method to eco-
logy in general and vegetation science, in particular,
is critical if both disciplines are to advance significan-
tly our knowledge of natural and introduced ecosystems
as well as remove the stigma of ‘‘soft science’’ that has
been often applied to ecology (Simberloff 1981, Peters
1980). The full application of the scientific method not
only implies the inductive route, that is what we gene-
rally call data interpretation, but more critically the
hypothesis-deductive route. From the inductive ap-
proach we are able to generate hypotheses whose func-
tion are to explain in a cohesive and comprehensive way
why a particular pattern in our observations has occur-
red. The next step involves the development of criti-
cal predictions from our general hypothesis that are to
be experimentally tested (Fig. 1). In almost all the ca-
ses involving vegetation studies it is impractical and/or
impossible to analyze the entire population. This situa-
tion has lead us to make inferences about ecosystem
properties based upon a limited number of samples for-
cing us to rely heavily on statistical procedures. The sta-
tistical procedure therefore becomes a key component

in the acceptance or rejection of a hypothesis.

The statistical procedures that are widely used in eco-
logy belong to the family of parametric methods. The-
se methods assume an underlying distribution model for
the data which is characterized by a given set of para-
meters. The test then involves the calculation of the
parameters from the sampled observations and an esti-
mation of the probability of obtaining that particular
set of parameter values if all the samples had been ta-
ken from the same population (null hypothesis). The
majority of the tests that are commonly available (e.g.,
t-test, Hotelling T 2, analysis of variance (ANOVA),
multivariate analysis of variance (MANOVA), multiple
regression, canonical correlation, discriminant analy-
sis) involve the estimation and testing of means and are
characterized by the following assumptions:

a. The underlying distribution model for a popula-
tion is assumed to be normal or multivariate normal
with equal (homogeneous) variance or an equal
variance-covariance matrix. The normal distribution
(and its counterpart the multivariate normal) are totally
characterized by the mean and variance (mean vector
and variance-covariance matrix). As a result of our as-
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Fig. 1. A diagram showing the sequence of inductive and
hypothetical-deductive steps on the scientific method. No-
te: H g = null hypothesis.

sumption of equal variance (variance-covariance ma-
trix), all the statistical procedures listed above (ANO-
VA, MANOVA, etc.) are mean based tests.

b. A second and very important assumption made in
all the above mentioned tests is that the underlying di-
stribution models are linear.

c. The methods used to calculate the pertinent sta-
tistics involve least squares. As a consequence, the in-
herent nature of the analysis space is non-metric.

In ecological field studies, all of these assumptions
are very difficult if not impossible to meet. The under-
lying distribution model of the population, most of the
time, is not known and in many cases is definitely not
normal (for example, precipitation distribution in semi-
arid regions is better approximated by an exponential
distribution (Sala et al. 1982)). In the case of univaria-
te analyses, this may be less of a problem because most
univariate distributions can be brought closer to a nor-
mal distribution by an adequate transformation. Howe-
ver, this approach is difficult when multivariate
distributions are involved. A most serious constraint,
however, is the assumed equality of variances
(variance-covariance matrix) of the underlying models.
There are many cases of vegetation analyses when com-
parisons are made between vegetation communities
that have different patterns of plant distribution (Fig. 2)
or between particular vegetation treatments which may
result in significant alterations in plant distribution pat-
terns. Under these circumstances the assumption of
equal variances (variance-covariance matrices) does not
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Fig. 2. Plot 1 and Plot 2 have equal biomass but different
distribution, uniform in Plot 2 scatter in Plot 1.

hold.

The linear assumptions involved in ANOVA, MANO-
VA or other standard statistical tests may be very dif-
ficult to meet. As mentioned by Orléci (1979), linear
relationships are rarely met in ecological systems and
furthermore most of the ecologically interesting data
is intrinsically tied up with non-linear correlations.

The least square solution method that is used in the
standard statistical methods (ANOVA, MANOVA, etc.)
may present another serious problem in ecological re-
search, this time because of major differences between
the geometry of the data space and the geometry of the
analysis space. Let us define A j; as the distance bet-
ween points i and j in a given space. A space is called
ametric spaceif () Aj; = Oand A = 0; () Ay = A
(symmetry)and (c) Ay + A jk = A (triangle inequali-
ty). The most familiar metric space is the ordinary Eu-
clidean space. All of the standard statistical methods
belong to the family of generalized linear models whe-
re the estimation of parameters involve the minimiza-

n

tion of functions such as 21 Y;—X,;0) 2, where Y ;
is

and X ; are the dependent and independent observa-
tions and O is the parameter in question. The distance
measure associated with this approach does not meet
the triangle inequality and consequently the geometry
of the analysis space is nonmetric (Mielke 1986). The
data space of essentially all ecological studies (which
may involve transformations) is usually perceived as an
Euclidean space of measurements (e.g., biomass, height,
cover and weight), the most common metric space. This
difference between the geometry of the analysis space
and the data space imply that the congruence princi-
ple (Mielke 1985, 1986) is not satisfied. This violation
of the congruence principle is the root of commonly en-
countered contradictions between one’s intuition (from
observation) and inferential results based on well
known statistical methods (such as ANOVA, MANOVA,
etc.).

As was mentioned before, all of the traditional sta-
tistical methods are mean based methods. In many in-
stances pertaining to ecology, the mean value may be
less important than other parameters. In Fig. 2, for in-
stance, both communities may have similar mean va-
lues for biomass, but this could be ecologically less



important than how this biomass is distributed over the
landscape. As a consequence, a statistical procedure
that tests for biomass concentration rather than ave-
rages would be more meaningful. In a normal distribu-
tion the mean and the median are equal. If the
distribution of the data is both non-normal and non-
symmetric, however, the median value in some circum-
stances could be ecologically more important than the
mean value.

The above discussion clearly indicates that ecologi-
cal and vegetation research is in need of a strong stati-
stical inference method that (1) is free from assumptions
about a normal (or multivariate normal) distribution,
equality of variances (or variance-covariance matrices)
and linear relationships; (2) satisfies the congruence
principle (i.e., the analysis space is a Euclidean space);
and (3) is flexible enough to allow for the testing of a
variety of structural differences (means, medians, da-
ta concentration or dispersion, etc.) between the po-
pulations in question. In Section 2 we describe statistical
methods, multiresponse permutation procedures
(MRPP) and its randomized block design analog (MRBP),
that meet the criteria proposed above. In this section
we also discuss the interconnection of MRPP and MRBP
with ANOVA and MANOVA tests when nonmetric ana-
lysis spaces are involved. Section 3 gives an outline of
algorithms and computer programs developed to imple-
ment MRPP and MRBP. Several examples with real and
artificial data are presented in Section 4 to highlight ma-
jor characteristics of MRPP and MRBP and how they
compare with results derived from traditional statisti-
cal methods. A summary and comments about the ad-
vantages of MRPP and MPBP for the advances of
ecological research is presented in Section 5. For those
not interested in the mathematical foundations of MRPP
and MRBP or the corresponding algorithms, we suggest
that the reader proceed to Section 4.

2.0 The new statistical procedures

2.1 Methodological description (MRPP)

LetQ = [w, ..., w 5] be a finite population of N ob-
jects, let X; = (x yp, ..., X ;) denote r commensurate re-
sponse measurements (these might be functions of
response measurements or residuals adjusted by pre-
dictors) for object w (I = 1,...,N),andlet Sy, ...,S g4,
designate an exhaustive partitioning of the N objects
comprising ¢ into g+ 1 disjoint groups. The group s 4, ¢
encompasses those objects that are not classified in the
g groups, in other words, it represents an excess group.
In most cases s ¢ will be empty but it can be very im-
portant in the testing of certain hypotheses as we will
see in Section 4. Also let A ; be a symmetric distance
function value of the response measurements associa-
ted with the objects w ; and w ;. The statistic underlying
MRPP is given by
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g
5 = 2:1 Ci ¢ (2.1.1)

where

n )_1 E

§i=( > -

A ®i(ep @0y (2.1.2)
is the average distance function value for all distinct
pairs of objects in group S; (i = 1, ..., g), n; ) 2 is the
number of a priori classified objectsin group S; (i = 1,
8, K=X8 nj;ng =N-—Kisthe number of
remaining (unclassified) objects in the excess group
S g+15 £ g is the sum over all I and J such that 1 ¢ I
{J (N, ®;(wpis lif wbelongs to S; and 0 otherwi-
se,Cp0@=1,..,8,and L& C; = 1. The C; value
generally used is C; = n /K. Discussed later is the im-
pact of using alternative C; values. The underlying
permutation distribution of & (the null hypothesis) as-
signs equal probabilities to the

g+1
M = N'A H1 n; !
=

possible allocations of the N objects to the g+ 1 disjoint
groups. The mean, variance and skewness of § under
the null hypothesis are denoted respectively by x5, o %,
and vy 5 (Mielke, 1984). Under the null hypothesis, pre-
liminary findings (Mielke et al. 1976; Mielke 1978, 1979)
indicated some situations when the asymptotic distri-
bution of N (§ — u ) is nondegenerate with the skew-
ness of & being substantially negative. Based on results
due to Sen (1970, 1972), O’Reilly and Mielke (1980) pre-
sented general theorems for the multivariate case of
MRPP which characterize situations in which the distri-
bution of N /2 (8 — p ) is asymptotically normal under
the null hypothesis. More recently, Brockwell et al.
(1982) presented theorems for the univariate case of
MRPP which delineate \distributions for situations (pro-
bably the most important situations) in which the non-
degenerate distribution of N (§ — ;) is not
asymptotically normal under the null hypothesis. The
multivariate generalizations of the results by Brockweil
et al. (1982) and special situations analogous to those
considered by Mielke and Sen (1981) for linear rank sta-
tistics are open questions which require further at-
tention.

The symmetric distance function (A ;) is extremely
important since it defines the structure of the under-
lying analysis space of MRPP. The form of the symme-
tric distance functions considered in this paper will be
confined to

r

Ay = (L = xial DY (2.1.3)



158

where p ) 1 and v ) 0 (p is not relevant when r = 1).
In particular, the underlying analysis space of MRPP is
nonmetric when v ) 1 (i.e., the triangle inequality pro-
perty of a metric space fails) and is metric when v <
1 (a distorted metric space when v { 1). The analysis
space of MRPP is a Euclidean space when p = 2 and
v = 1. While the validity of a permutation test is not
affected by these geometric considerations, the rejec-
tion region of any test is highly dependent on the un-
derlying geometry. Thus a geometry problem (i.e.,
either a nonmetric or a distorted metric space) will af-
fect the power of a permutation test. The results of a
permutation test will surely be misleading if the rejec-
tion region is incomprehensible. As a consequence, the
choice of p = 2 and v = 1 is recommended for routine
applications. This may be a controversial conclusion sin-
ce, as subsequently demonstrated, the majority of per-
mutation tests presently used in routine applications are
based on v = 2.

Since the symmetric distance functions considered
in this presentation are of the type described in the pre-
vious paragraph, small values of 6 imply a concentra-
tion of fesponse measurements within the g groups.
Thus the P-value for a realized value of 8 (say 6 o) is the
probability statement given by P (6 ¢ ).

As an example, let’s look at a case where we have
two groups of objects (A and B) from which two mea-
sured responses (x ; and x ) have been made (Fig. 3).
The seven points of Figure 3 imply there are ( g) =21
distinct pairs of points and consequently 21 distances
must be computed. These 21 distances are listed in Ta-
ble 1 and ordered from the lowest to highest value. The
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Fig. 3. Scatter diagram showing the points of the two sub-
groups (A and B) plotted as a function of the measured re-
sponses X ; and X o.

Table 1. Ordered distances between all 21 pairs of the se-
ven points shown in Figure 4 where distances between
points in either subgroup A or subgroup B are indicated
by crosses or circles, respectively.

Rank Points Distance

B.B 1.000 (o)

! 172

2 8283 1.000 (o)
3 BSBG 1.000 (o)
4 A1A2 1.414 ()
S AQA:S 1.414 0)
& 9281 1.414

7 5353 1.414

8 9193 1.414 (o)
9 Bqu 1.414 (o)
10 A]A3 2.000 (x)
11 A255 2.000

12 9351 2,000

13 6252 2.236

14 ASBZ 2.236

15 AgB, 2.236

16 BIBA 2.236 (o)
17 “191 2.828

18 9254 3.000

19 ﬂ153 3.162

20 AIBZ 3.606

21 AB 4,123

distances A 1 j are in this case calculated with the use
of p=2andv = 1in(2.1.3). Table 1 confirms the vi-
sual impression of clustering since the distance between
points of a common group tend to be smaller than the
distances between points of different groups. The va-
lues for {;, 6 and M in this case are:

1.6095

1

ta = (1U3) § ST

tg = (1/6) % Apy

6 =(3/T) ¢ a + (4/T) ¢ 5 = 1.4578

1.3441

M = 713! 4) = 35

Since M = 35 for this example, 35 values of § can
be obtained by enumerating all the possible 35 parti-
tions. These 35 values of § are listed in Table 2 are or-
dered from the lowest to highest value. We see that the
observed statistic (8 o = 1.4578) obtained for the reali-
zed partition (A and B) is indeed unusual since each of
the remaining 34 values is greater than é (. If all parti-
tions could have occurred with equal chance (the null
hypothesis), then the observed significance level or P-
value is 1/35 = 0.0286. Thus, we would accept the rea-
lized partition (A and B) as significant at the 2.8% le-
vel of significance.

Although an efficient algorithm for calculating the
exact P-value for an observed value of é has been de-
veloped (Berry and Mielke 1984), this procedure is ex-
tremely expensive when M is large (e.g., M ) 10 6).



Table 2. Ordered values of é for all 35 partitions of the se-
ven points shown in Figure 4 into two groups (A and B)
having fixed sizesn , = 3andnpg § 4.

Rank Value Rank Value
1 1.4578 19 2.1381
2 1.5421 20 2. 1480
3 1.6939 21 2.1591
4 1.750% 22 2.1646
5 1.8389 23 2.170%
& 1.8547 24 2.1740
7 1.8935 25 2.1769
8 1.9898 26 2.1891
9 1.9915 7 2.1939

10 1.9988 28 2.2025
i1 2.0060 29 2.216%
12 2.0157 30 2.2258
13 2.0176 31 2.2280
14 2.0522 32 2.2470
15 2.0575 33 2.2318
16 2.0827 34 2,2812
17 2.0944 35 2.2933
18 2.1188B

Sincen, = n, = 12 and N = 24 yields M = 2.7x10 %
orn;=ng=ng==6andN = 18yieldsM = 1.7><107,
the need for an approximation procedure becomes es-
sential for cases involving even relatively small sam-
ple sizes. Because the distribution of § under the null
hypothesis may differ substantially from a normal di-
stribution for either small, moderate or extremely lar-
ge sample sizes (Mielke 1978, 1979; O'Reilly and Mielke
1980; Brockwell et al. 1982), approximate P-values are
based on the Pearson type III distribution which com-
pensates for the fact that the underlying permutation
distribution is often substantially skewed (Harter 1969;
Mielke et al. 1981). In particular, the standardized test
statistic given by

T=0o—ns/o;

is presumed to follow the Pearson type III distribution
with the density function given by

2
(—2y) ¥ Ay 2 2
f(y) =————[— (2 + yy)/ vy
) T @nd [=@+y1) /]
o 2 @y

where —x ( y < —-2/’}/ IfTO = (50 - ué)/a,;and-y
= v { —0.001, then

To

Pw<aa==s £ (y) dy

-— 00

is the approximate P-value (an approximate P-value ba-
sed on the standard normal distribution is reported if
v » —0.001). The approximate P-value is evaluated
with Simpson’s rule over the interval (T3 — 9, T ().

Incidentally, the expressions given by Ly Ay y &5
(wp ®; (v ;) are the primary group random variables
of tests based on statistic 8. Let the symmetric distan-
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ce functions be restricted to

AI,Ja [XI“XJIV (214)
where v » 0. Also suppose X | n < Xg n < ... £ Xp
n denote the n order statistics associated with the re-
sponse measurements for a specific group of size n.
Then the group random variable in question here is gi-
ven by I (X n — Xj, nl V where T i¢j is the sum ove-
ralliand jsuchthat 1 (i (j{(n. If v = 1, then

=2+ 1k, — o -
2.1.5)
= Ei(j X3, n — X;j, nl

where both equation (2.1.5) is satisfied and the left-
hand side of equation (2.1.5) is minimized when & is
the median of X y y, ..., X n- Therefore tests based on
v = 1 are termed median based permutation techniques.
Similarly, if v = 2,

n Ein=1 (xi,n"' ‘1’)2 = Ei(_j (Xi,n-—ijn)z (216)

where both equation (2.1.6) is satisfied and the left-
hand side of equation (2.1.6) is minimized when & is
the mean of X ; y, ..., X . AS a consequence, tests
based on v = 2 are termed mean based permutation
techniques.

2.2 Relationship between MRPP and other well known
methods

We first describe the relationship between the per-
mutation version of one-way analysis of variance {two-
sample t test when g = 2) and MRPP. Let F =
MS ,/MS w (mean square among groups/mean square
within groups) be the ordinary one-way analysis of va-
riance statistic. If g = 2, v=2,r=1,A = ¥ xp,

B=CN,x% N=KandC; = (n; — 1)AN — g) for

i=1, ..., g thenthe identity relating F and ¢ is given by
Né=2(NB—A®)([N-g+ (g—1FI.

Because F is based on v = 2, the previously mentioned
geometry problem of the underlying analysis space is
arelevant concern for the permutation version of one-
way analysis of variance. In Section 4 we will see by
a series of examples how this geometry problem is cru-
cial in determining P-values under certain circum-
stances.

The relation between simple two-sample linear rank
tests and MRPP is now described. Let H = © IN= 11Uy
be a two-sample linear rank test statistic where U =
1 if w{belongs to S ; and 0 otherwise, n{ = n, ny =
N-—n, g =2,r =1, f[is a score function of the rank
order value of x ;; from below relative to the finite po-
pulation of N response measurements, A = £ }\;1 fi,B
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-z, ffandC;= (n;— 1)/(N —2)fori = 1 and 2.
Here the identity relating H and é is given by

N(N—-2)6=2(NB—A2— (NH—nA)%[n (N —
n)l}.

Since H is also based on v = 2, the geometry problem
of underlying analysis space is again a relevant concern.
Whaley (1983) demonstrates the equivalence of (a)
the multidimensional runs statistic developed by Fried-
man and Rafsky (1979), (b) the spatial autocorrelation
statistic introduced by Cliff and Ord (1973), and (c) the
special case of the MRPP statistic whenn; =n,n; =
N—ng=2C;=nih;—1/[njm;—1)+n,
(ng—1)] fori=1and2,and A jislifwjand w;
are linked and 0 otherwise. When n; = n, this inte-
resting observation by Whaley (1983) suggests that the
performance of this statistic might be improved if the
present choice of C; is replaced with C; = ny/N for i
= 1 and 2 (the simple structure of Ay ; eliminates the
geometry problem). As indicated by Mielke (1986), these
tests usually involve a nonmetric analysis space.

2.3 Methodological description of MRBP

The techniques of this section involve recently de-
veloped analogs of MRPP which utilize blocking (Miel-
ke and Berry 1982; Mielke and Iyer 1982). This section
is followed by a description of the relationship between
MRBP and well known statistical techniques that invol-
ve randomized block designs.

Let b blocks and g treatments be associated with a
randomized block design. Let (x y, ..., X 1) denote r
commensurate response measurements corresponding
to treatment i and block j (the response measurements
might again be functions of response measurements or
residuals adjusted by predictors). The modified MRPP
statistic for this situation is given by

g
s=1g T L L AGy xw

where A (%, y) is a symmetric distance function value
of the points X" = (x, ... x)andy’ = (¥, ...,y in
the r-dimensional Euclidean space. The underlying per-
mutation distribution of § (the null hypothesis) assigns
equal probabilities to be

M= (g)®

possible allocations of the g r-dimensional response mea-
surements to the g treatment positions within each of
the b blocks. The mean, variance and skewness of § un-
der the null hypothesis are again denoted by p, a§
and v ;, respectively (Mielke, 1984). Except for subse-
quently described special cases when 6 is equivalent to
well known statistics, little is presently known about

the asymptotic distribution of 6. However, under the
null hypothesis and fairly reasonable conditions, it is
conjectured that (1) g V2 (0 — p ;) is asymptotically a
normal random variable when b = 2 is fixed and g —
o, and (2) b (6§ — p 5) is asymptotically a nondegenera-
te and non-normal random variable with v 5 ( 0 when
g = 2is fixedand b = oo.

The symmetric distance function is again confined to

r
A0y =( B xn—yuDP (23.1)
where p ) 1 and v ) 0. Since the choice of the symme-
tric distance function defines the structure of the un-
derlying analysis space of these procedures, the
discussion in Section 2.1 concerning this choice is equal-
ly pertinent here.

In a manner analogous to MRPP, small values of &
imply a concentration of the response measurements
associated with each of the g treatments (i.e., over
blocks). Therefore P (6 { § ;) is again the P-value asso-
ciated with §  (the realized value of §). Though an ef-
ficient algorithm for calculating the exact P-value for
an observed value of § exists, this approach becomes
prohibitively expensive when M is large (e.g. greater
than 10 6). Noting that b = 6 and g = 4 yields M =
1.9x10 8 or thatb — 4and g = 6 yields M = 2.7x10 !},
the necessity for an approximation technique is obvious
for even relatively small randomized block configu-
rations.

Asin Section 2.1, approximate P-values are again ba-
sed on the Pearson type III distribution to compensate
for the commonly encountered substantial skewness of
the underlying permutation distribution of 8. Thus the
standardized test statistic given by

T=(-ns)los

is again presumed to follow the Pearson type III distri-
bution and the approximate P-value is obtained by the
previously described approach in Section 2.1.

For certain response patterns involving randomized
block designs, the statistic 6 mentioned above is not able
to detect treatment differences. Such situations can oc-
cur when the block differences exceed the magnitude
of the treatment differences. As a simple example, con-
sider the following univariate data se (¢ = 1) with b =
2and g = 3.

Treatment
1 2 3

Block 1 1 2 3
Block 2 5 6 7

If v =1, then é = 4 for all M = 36 possible allocations.



It is therefore impossible to detect treatment differen-
ces. This disturbing behavior of é can be rectified by
aligning the responses within each block. The impor-
tance of alignment was initially pointed out by Hodges
and Lehmann (1962). Alignment is accomplished for the
present example by replacing x j; by xj — x* where
x {f is the median of X y5, ..., X g forj = 1, ..., b. Simi-
larly x {# could just as well have been the mean of the
responses in the jth block. The statistic § is then com-
puted after the alignment. After alignment with the
present example, the following data set is obtained.

Treatment
1 2 3
Block 1 -1 0 1
Block 2 -1 0 1

Now the value of é is 0 while the random variable 6 as-
sumes the values 0, 2/3 and 4/3 with the respective pro-
babilities 1/6, 1/3 and 1/2 under the null hypothesis.

A general recommendation is that a test associated
with § should be accomplished after alignment. Also no-
te that if v = 2 and r = 1, then the inferential results
based on the random variable é remain unaffected by
the alignment. This latter property holds because the
F statistic does not depend on the valuesof x {, ..., X .

2.4. Relationship between MRBP and other randomized
block statistical methods.

The relation between 8 and the classical F statistic
for testing the null hypothesis of a randomized block
design is initially described. If v = 2 and r = 1, then
the functional relation between F and 6 is given by

F=Mb-1I[28Sr—gdb—-1)
8]/ [gb—1)
8 — 28S g1l

where the corrected total sum of squares is given by
SSt=(ZfZP ) x]) — SSy, the block sum of squa-
resis given by SS 5 = ‘E}Lé (ZEixy Y1) —SSy
and SS y = (C&, £ .1 x ;) /bg. Thus F and & are equi-
valent under the null hypothesis since SS and SSg
are invariant relative to the (g!) b permutations of the
response measurements. (For this and other cases in-
volving univariate responses, the response measure-
ment subscript is omitted, i.e., X j;; = X j;.) Incidentally,
é is equivalent to Cochran’s Q test statisticif r = 1 and
each x y; is either O or 1.

Let R denote the ordinary Pearson correlation coef-
ficient. If v = 2, b = 2 and r = 1, then the functional
relation between R and § is given by
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R=1(us—8/(25:8)

where R = [Z£) (x;; — X)) (xi2 —X2)] / (851 S2),
ps=Si+83+ X, —X2)% %= (& x)/gand S}
=[Zf;(xj—Xp)*“l/gforj=1and2. ThenRand b
are equivalent under the null hypothesis because X ,,
X9, S1 and S are invariant relative to the (g!) 2 re-
sponse measurement permutations.

fg=2r=1x;;=~Xg =x;and [x;] ) 0 forj
=1, ..., b, then the test based on § is equivalent to an
extended class of permutation techniques for matched
pairs (Mielke and Berry 1982).

If v = 2, r = 1 and the response measurements for
each block are replaced by their corresponding ranks,
then the test based on é is equivalent to the Friedman
two-way analysis of variance (Kendall coefficient of
concordance). The values of u 5, ¢ § and v ; for this ca-
se are

ws = (82116, 0% = [(g+ 1)(g%—1)1/[18b (b—D)],
and
vs=—{80b—2)%(g— Db ®d~— 1]}

Furthermore ¢ = 1 — §/p 5 is Spearman’s rho (a mea-
sure of correlation) when b = 2. In the present context,
the ‘correlation’ measure ¢ = 1 — 8/p 5 can be inter-
preted in a much broader setting.

If v = r = 1 and the response measurements for each
block are again replaced by their corresponding ranks,
then the test based on 6 is the Euclidean space analog
of the Friedman two-way analysis of variance (Kendall
coefficient of concordance). The values of p 4, a% and
v ¢ for this case are

e ; 2@+ D@+ 7
ps = (€% —1)/(3g), 787 45 (b — 1)

b
and

B+2@e®+3) 0@ + (88" + 298% + T
) (49 (g + D @g” + 7°

Y5

b—-2)/(g—1)
b (b — 1)/ 40] 2

where © (g) = Oor 1if g = 2 or g = 3, respectively.
In this case 6§ is the Spearman footrule statistic when
b = 2 (Diaconis and Graham 1977).

3.0 Implementation of the method

As mentioned in Section 2 for moderately large sam-
ple sizes (N ) 24) the Pearson type III distribution is used
to estimate P values. For that purpose, it is necessary
to compute values for u 4, a? and v 5 (mean, variance
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and skewness). In Sections 3.1 and 3.2 we outline effi-
cient algorithms to estimate u 4, ag and v 5 for both
MRPP and MRBP. We also give a very brief description
of the computer program designed to carry out these
computations. The FORTRAN coding for the computer
programs is given in Appendix I and II.

3.1 Algorithms for the MRPP statistical method
Efficient computational expressions for u 5, a§ and
v s are given by:

ws = D (1),

g

oi-2(XcC

(2)] -1

Cf[n — IN®17Y D (@) -

—2D(2") + D(2")]

4
+4rLcin' =N D@)-DEM,
= (E[8%] —8ns0f—ni)od,

and

E[s3] = 4 E Cim@®2p@) +8LCEn®
n®] 7% [3D (3) + D (3]

g
+8X cinf® P17 (3D @) + D 3°**)]
i=

g

+ 621 C2(1-C;+C;in®Pm®1 2 m® -
i=

D(Su)

8

+12 Loefa—cyn® +cin® mP1 7Y

n£2)] -2 D (39,1)

g
+ L Ci((1—C)—2C) +3C; 1 —Cynf’
[n &) 2

where n© = nl/(n — ¢!

The D (i) wherei = 1, 2,2°,2”,3,3°,37,3,3"", 3%,

3** and 3*** are calculated with the use of the follo-
wing efficient algorithm: let

N N
ko= IEI A§’J’anddk= ledkl

for k = 1, 2 and 3, where A y, is calculated as in
2.1.3. Then

1 1 1
D) = (2)d17D(2)— N(z)dZ,D(2)=§'(3—)
N
[ ZE 1J"'d2]
D@7 - — (42— 4N® D (2) — 2d,), D (3) -
N(4) 1 25
1
N® 43

ST SR ) N
DE) =@ [ & duday—d3], DB =15
[dyds —4N® D (3) — 2d5],

D@3*) =—7 A A A ,
( ) N(S)Jl(Jz(Jg J1, Jg 23,03 2 Jg, J 3

D (3**)

1)[2 E

— 3
NG s Aj,ipdyy dyy, —2N

D(3)~N®D@E*) —dsl,

1
D (3***) - .._(.__

um:z

a3, —N® D (3) —dsl,

1
DB = T IN®d, D@)—4aN®DE**) —

eaN@p @+ —4N®@ p (3) — 2N® D 34,
and
1 5
D (3un) = __._(%_)_ [N (4) d 1 D (2”) — 8N (0) D (31:9) -
4N@WD @) —sN@ D)

whereJ f(.:’ 2( ) denotes the summation over distinct in-
1 o

tegral values of J | and J 5, ranging from 1 through N
with J ; less than J 5, etc.
The computer program (see Appendix I for the de-



tailed FORTRAN coding) is designed to implement the
above algorithms. Program DRIVER reads the required
parameters and the variable format, calls subroutine
MRPP, and prints the results of the MRPP analysis. Su-
broutine MRPP reads in the raw data, labels each grou-
ping with a group number, calculates the test statistic
(DELTA), the expected value of DELTA (MEAN), the
variance of DELTA (SIGMAZ2), the skewness of DEL-
TA (GAMMA 1), and then calls subroutine TYPE3 to ob-
tain the P-value based on the Pearson type III
distribution. Subroutine TYPE3 computes and returns
the P-value based on the Pearson type III distribution
using numerical integration involving the Newton-Cotes
formula for a tenth order polynomial.

The program for MRPP in Appendix I has the follo-
wing restrictions and constants.

LIMIT = the smallest power (—675.00) without an
underflow condition occurring in function FOX3.

N = the number of partitions (500) over which the
integration takes place in subroutine TYPE3. This va-
lue may be modified for increased/decreased accura-
cy/efficiency.

NINE = the number of standard deviations (9) over
which the integration takes place in subroutine TYPE3.

TEST = selects the normal distribution if the abso-
lute value of GAMMAL is less than or equal to 0.001,
otherwise, the Pearson Type III distribution is selected.

3.2 Algorithm for the MRBP statistical method

The computational expressions for u 5, ¢ % and y 5 in
MRBP are given by

ps = 182171 X S, 5),

1
o2 = g2 —2;—; X (SU (r, 9)] % — gTLI2

(r, s) + g2 SLI2 (r, s)},

1 1
Ky @ = (8° (9] (X (4150 (1, 91 °

— 6gSLJ (r, s) TLI2 (r, s) + 6g UL (r, s) + 28 >TL3 (r, s)

+ 3g 2SI (r, s) SU2 (1, s) — 3g 2VI(r, s) + g *SII3 (1, s)}

— ;%E reste (SU (r, 8) SIJ (r, t) SIJ (s, ©)
~ g[S (s, ) WI(r,s, t) + SIJ(r, t) WI(s, 1, t)
+ S (r, s) WI(t, 1, 5)] + g2YLI (r, s, t)

— 32K (r, s, 1)),

and
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Let’s define dj as a multivariate observation in
treatment i block j and A (i, r; j, s) = A(d y, d ;) where
A (x, y) is calculated as in 2.3.1. The quantities invol-
ved in the estimation of 5, 0 %, and v 5 are calculated
in the following way:
Sy @, r,s) = Ef‘,; A(, r; j, 8),
SI2(G,1,8) = 251 [AG, 17§, 9] %
SJ3 (G, r,s) = Ejgsl [AG, 1, 913
S (r,s) = M E,8IG,T,9),
SII2 (r,s) = 248, SI2, T, 5),
SLI3 (r,s) = 2 &, 8J3 (i, 1, 5),
TI2 (i, r,8) = [ST (i, r,8)] 2 + [ST (i, D] %
TI3 (i, r,8) = (ST (i, 1, ]2 + [ST(,s D)%
TLI2 (T, s) = Z £ L TI2 (i, r, s),
T3 (r, 5) = 2 &, TI3 G, 1, 9),
UG, rj,8s)=4a(,rjs)SIG,r,s)SI(,s, ),
UT G, r,8) = X &, UG 15, 9),
UL (r,s) = 28, UG, 8),
V@, r,s)=SJ(@,r,s)SJ2(,r,s) + SJ(,s, r)SJ2(,s, ),
VI(r, s) = 28, V(i rs),
WG r,s, t)y=SJ(@,r,s)SI(,r, t),
WI(r, s, t) = E E LW, s, t),
YGj§r,s,t)=AGr;j,s)STAr,t)SIG,s, t)
+A(G,r;§,t)SIG r,s)SI(, t,s)
+ A(,s; jt)SIG, s r)SI(,t, ),
YIGr s, t) - LB YG s ),
YL (r, s, 1) = 28, YI G, s, t),
ZG,j,kr,s,) =A@, 1;j,8)A0 r;k t)A(,s; k, t),

ZK G, i s, t) = ME 200, KT, s, 1),
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ZIK (1,8, t) = 20 E_ ZK G, j; 1, s, 1),
and

ZUK (r, s, t) = 2 &, ZIK (§; 1, s, t).

The computer program designed to implement this
algorithm and calculate P consist of 3 main subrouti-
nes (for detail FORTRAN coding of MRBP see Appen-
dix II). Subroutine MRBP reads in the raw data and
calculates the distance functions, the test statistic, the
mean, and variance, and the skewness of the sampling
distribution. Acting as a driver program, subroutine
MRBP then calls subroutines MRPP and PVALUE to cal-
culate the probability value. Subroutine MRBP sequen-
tially reads in the x ;4 raw scores (i = 1, ..., g;r = 1,
.., b;k =1, ..., ). calculates the required distance func-
tions, and writes the computed values onto a random-
access file for later retrieval. This subroutine also cal-
culates é o (asin 2.3.1), p 4, 0 5, and v ; (as outlined abo-
ve)and g (here ¢ = 1 — 8/p 5 is a generalized measure
of agreement). It then computes the standardized test
statistics T 0= (6 0o— M 5)/(7 &

4.0 Examples

This section is devoted to show properties of MRPP
and MRBP on different types of data sets (both artifi-
cial and experimentally derived). Comparisons are made
between MRPP or MRBP and standard statistical me-
thod. A special emphasis is given to the relationships
among the data space geometry, analysis space geome-
try, and derived P-values.

4.1 Example 1

The first example (Table 3) shows a univariate case
of two groups (S | and S ») with equal means but diffe-
rent point concentrations (similar to the case of Fig. 2).
This example can not be treated with a standard para-
metric test (let’s say a one- or two-sided t test) because
the variances are not homogeneous and thus violates
one of the basic assumptions. But, even if the varian-
ces were homogeneous, a parametric test would be
worthless because it only deals with location shifts in
the mean and in this case the means are equal. Further-
more, even if the means were different and the varian-

ces homogeneous, a mean based test would be of little
value since the means of S 5 (5.19 in this case) ha very
little meaning as an interpretation tool because the
points are concentrated in the extremes (in a sense, the
mean stands in an empty space with no real data point
close to it). The groups, regardless of their equal means,
still show a totally different data structure. S ; is very
concentrated while S 5 is dispersed. This type of data
set is particularly common in a comparison between a
seeded pasture and a native pasture. Both could have
the same biomass but a different distribution of the bio-
mass over the landscape. For instance, the seeded pa-
sture is bound to be homogeneous while the native one,
especially in semiarid regions, is more likely to have the
vegetation concentrated on clumps with many empty
spaces. The MRPP and MRBP allows us to test for that
without any concern about the underlying nature of the
density functions involved. As such they give us an im-
portant tool to perform vegetation analysis which are
not possible with other methods adding reliability to our
results because no caveats are needed about normal di-
stributions, linearity, homogeneity of variances, etc.

There are two ways to treat the problem presented
in Table 3. One way involves a standard two group test
(g=2), in which case we test for the probability of ha-
ving one group with a concentrated data structure and
another with a dispersed one. The other way is to per-
form a one sample test (g=1) and use the other group
as an excess group (the g+ 1 groups explained in Sec-
tion 2). In this case, we will look at the probability of
observing a given data point concentration when a sam-
ple of n individuals (n=11 in this case) is drawn from
a population of N (N=22 in this case). Table 4 shows
the test results. It can be seen from the results that the-
re is great disparity between the use of v=1 (both data
and analysis spaces are metric spaces) and v=_2 (analy-
sis space is a nonmetric space). As explained in the in-
troduction, this is due to the fact that congruence
principle is violated with v=2 since the data space is
a metric space but the analysis space is a nonmetric spa-
ce. Furthermore when values of Table 3 are plotted in
Fig. 4 and therefore shown in a metric space, it beco-
mes intuitively obvious that S ; is more concentrated
than S ,. This feature is captured by the analysis ba-
sed on v =1 but completely missed by the analysis with
v=2. We showed in Sections 2.2 and 2.4 that MRPP and

Table 3. Two groups SI and S2 with equal mean but different degree of point concentration.

Group Data Points Mean
s1 ] ) 4 S.5 6.2 8 5.2 5.1 4.9 ] 5.2 5.19
s2 15 12 0.1 0.1 15 0.5 0.2 0.42 0.1 13.3 0.17 5.19




MRBP can be related to other standard statistical me-
thods when v=2 is used. As a result this type of distor-
tion is bound to be found in all standard statistical tests.
We will cover this geometry problem more in detail in
Example 4.

Table 4. Two-sided P-value comparisons between groups
S1 and S2 from Table 3 using MRPP with v=1 and v=2.
We also show a one sample MRPP for S1 and S2 withv=1.

Test P
MRPP S1 vs. 52 (v = 1, g = 2) 0.287 x 1672
MRPP S1 vs. 52 (v = 2, g = 2) 0.81
S1 one sample MRPP (v = 1, g = 1) 0.905 x 10”4
52 one sample MRPP (v = 1, g = 1) 0.99
4.2 Example 2

This example (Table 5) is similar to Example 1 (Ta-
ble 3) except that it was constructed in such a way as
to make the two groups share not only an equal mean
but also an equal median as well. By so doing, this case
is untreatable not only by standard parametric proce-
dures but also by most nonparametric procedures that
are based on medians. Like Example 1, it is visually ob-
vious that the values in S ; are again far more concen-
trated than the values in S,. This structural
characteristic may have very important ecological con-
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Fig. 4. Plot for values on Table 3.

sequences. MRPP allows us to investigate this type of
data and the results are shown in Table 6. Again there
is an enormous discrepancy between the p-values as-
sociated with v=1 as compared to v=2.

4.3 Example 3

One of the most common situations in vegetation re-
search, or almost all biological research, is the presen-
ce of outliers (one or two points that seem not to agree
with the general pattern of observed values). If these
values are legitimate (in the sense that they are not er-
rors in measurement), the investigator is confronted
with the problem of how to treat the data. One way is
to simply eliminate the data values in question from the
analysis (which often goes unreported). The other way
is simply to include the values in question (either as it
is or with the use of some transformation) in the ana-
lysis. This inclusion (as we will see) may lead to the ac-
ceptance of the null hypothesis even though this

Table 5. Two groups S1 and S2 with equal mean and median but different degrees of point concentration.

Graup

Data Points

Mean Median

S1 4.1 4.1
§2 12 7 8 ) & 4 1

4.2 4.5 4.6 4 3.9 .98 3.99 3.89 3.92 4.10 4

1 .01 .01 16 4.10 4

acceptance may be intuitively wrong. The use of MRPP
or MRBP with v=1 gives an easy solution to this pro-
blem without having to either eliminate such values.
Fig. 5 displays a scatter diagram of 20 bivariate obser-
vations partitioned into two groups, S and S 5, with
one outlier with coordinates x ; =53 and x 3 =51 belon-
ging to S ;. By looking at Fig. 5, one would intuitively
conclude that S ; and S ; are distinctively different. To
test this hypothesis, we ran MRPP based on v=1 and
v=2 and also four standard parametric procedures: Ho-
telling T 2, Pillai’s criterion, Roy’s maximum root and

Table 6. Two-sided P-value comparison bewteen groups
S1 and S2 from Table 5 using MRPP with v=1and v=2.

MRPP v = 1 MRPP v = 2

S1 vs. 82 0.27 x 1072 0.82

Wilk’s lambda. Table 7 shows the results and once again
there is an enormous difference between MRPP with
v=1 and the rest. Only MRPP based on v=1 agrees with
the intuitive observation. The reason is that, with the
use of v=2 in MRPP or the least squares procedure in
the other four parametric tests, square distances are in-
volved (that is our analysis space is a nonmetric space)
and therefore the influence of outliers are made para-
mount. In the case of MRPP based on v=1, the con-
gruence principle is upheld since the data space
corresponds to the analysis space. The result is that one
outlier does not overwhelm the remaining values and,
as such, we have a better correspondence between our
intuitive observations and the test results.

4.4 Example 4

The intent of this example is to further consider the
influence an individual outlier, w, when the remaining
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Fig. 5. Diagram showing points of two groups (S ; and S )
plotted as a function of 2 measured responses. o = S y,
x =8 2.

influence an individual outlier, w, when the remaining
values are specified. For this purpose, consider two
groups S; and S, with nj=ny=n, N=2n and
C =C3=1/2. Let n—1 values associated with S ; be 0
and let the remaining value be w. Also let all n values
associated with S ; be 1. For MRPP with v=1 we have
(using the algorithms of Section 3.1)

6 = |w|/n,
n—2 w
+ ifwz=1,
2n—1 n
w
psg= (m——)/(2n-1) if0O(w (1,
n ;
n W
- ifw <0,
2n—1 n
and
(m+1) (n—2) / [(n—1) @n—1)2
(2n—3)] ifw =1,

Table 7. P-values for MRPP with v=1 and v = 2, Hotelling
T 2, Pillia’s criterion, Roy’s maximum root and Wilk’s
lambda on the data shown in Figure 5.

Test Procedure P-value

MRPP, v = 1 0.65 x 107%

MRPP, v = 2 0.99
Hotelling T2 0.99
Pillia’s criterion 0.99
Roy's maximum root 0.99
Wilk's lambda 0.99

2

2 (n*4w+ y/@en—1)2% ifo(w(l
o5 = n— i w ,
s 9n—3  n—1
n/[(2n—1)2 (2n—3)] ifw =<0,

then statistic T = (6 — pg)/ g5is

— [(n—1) (n—2) (2n—3) /

(n+1)] 12 ifw =1,
n—4w 2w 2 2
T= —(@2w)/(———+——
2n—3 n—1
ifo(w<(l, (1.1
— [n (2n—3)] /2 ifw = 0.
Similarly for MRPP with v=2 we have
é = Wz/n,
n—2w w2
=4
#o 2n—1 n
and
2 _( n—4w N 2w2)/(2 12
gy =(——— +—— n—1)°,
s 2n—3 n—1
then
n—4w  2w?> 12
T=—0O=2w)/(—+——) (4.1.2)
2n—3

n—1

If n is fixed, equation (4.1.1) shows that for the case
of v=1, T remains practically unchanged for all values
of w. This indicates that the outlier will have a mini-
mum influence in the statistical autcome when v=1 sin-
ce T is the basic statistics used to calculate the P-value
(see Section 2.1). However, for the same case with v=2,
equation (4.1.2) implies that

+ [2 (n—1)] 2 whenw — + o

— [2(n—1)] 2 whenw — — o
Thus a statistical inference involving v=2 may be ei-
ther reversed by an individual value (outlier) which is
inconsistent with the remaining data (when w is a lar-
ge positive value in this example) or weakened by an
individual value which is consistent with the remaining
data (when w is a large negative value in this exam-
ple). As empirical evidence to support these results, uni-
variate and a multivariate examples follow.

The univariate data set in Table 8 involves two



groups, S ; with 14 specified values and one arbitrary
value (denoted by x) and S 5 with 15 specified valued.
The 14 specified values of S ; were selected to be smal-
ler than the values of S, but allow for a slight over-
lap. The data point x in group S ; was allowed to take
values from 18.4 to 98.4. For each value of x, the two
groups were tested for statistical differences with a test
which satisfies the congruence principle (MRPP with
v=1) and with two tests which do not statisfy the con-
gruence principle (MRPP with v=2 and the standard
parametric two-sample t test). The P-values associated
with each of the tests are shown in Table 9. as can be

Table 8. Frequencies of S ; and S 3 values.

Value

o]

«

58.2

58.3

8.4

58.5

58.46

8.7

58.8

58.9

- Q0 0 0 = W U B -
@ N O > WU = O O ©

X

readily observed, the P-values of MRPP with v=1 are
only slightly affected by the different values of x whi-
le the P-values of both MRPP with v=2 and the two-
sample t test are highly dominated by the different va-
lues of x.

For the multivariate example, consider the data pre-
sented in Figure 5. After altering the value of the ou-
tlier in a symmetrical way (i.e., replace x ;=53 and
X 9=51 with X {=—53 and x 3=—51), the same analy-
sis shown in Table 7 is accomplished again. In this ca-
se, the P-values for Hotelling T 2, Pilla’s criterion,
Roy’s maximum root and Wilk’s lambda drop from 0.99
to 0.19, and the P-value for MRPP based on v=2 drops
from 0.99 to 0.14x10 ~* whereas the P-value for
MRPP based on v=1 remains essentially unchanged, as
anticipated by the previous results. These results are
remarkable since they demonstrate that the alteration
of only one data point in a symmetrical way can rever-
se conclusions of tests not satisfying the congruence
principle (i.e., accepting to reject the null hypothesis
even though the basic data structure has not been
changed). :

4.5 Example 5

In this section we present the application of MRPP
and MRBP to real case studies in vegetation research.
The first case (Table 10) comes from a study on secon-
dary succession (Biondini et al. 1985). The hypothesis
to test was that increased levels of soil disturbance
(from Treatment 1 that consisted of mechnical remo-
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Table 9. P-value comparisons of MRPP with v=1, MRPP
with v=2, and the two-sample t test.

MRPP.

X Two-sample t test
v =1 v =2

18.4 6.6 x 1077 4.2 x 1074 0.27

a8.4 6.6 x 1077 4.1 x 1078 o.1%

53.4 6.6 % 1077 4.5 x 107 5.7 x 1072
56.4 6.6 x 1077 5.4 x 107% 2.3 x 107
57.4 6.6 x 1077 4.9 x 1078 1.8 x 1072
s8.4 6.6 x 1077 1.9 x 107 4.9 x 1077
59.4 9.8 x 107 1.5 x 107> 2.0 x 1073
0.4 9.8 x 1078 0.14 0.16

63.4 5.8 x 107 0.99 1.00

68.4 9.8 x 1078 0.99 0.62

98.4 9.7 x 107 0.99 0.39

val of vegetation with minimal disturbance to A and
B s0il horizon to Treatment 4 which consisted of phy-
sically inverting the soil to a depth of 2 m) significan-
tly alter the direction of secondary succession. The main
patterns of vegetation succession in this study were gi-
ven by the following changes through time: (1) peren-
nial grasses (the dominant species being: Agropyron
riparium, A. smithii, Koeleria cristata, Oryzopsis hyme-
noides, and Stipa comata, (2) perennial forbs (the do-
minant species being: Sphaeralcea coccinea, Erigeron
engelmanii, Phlox longifolia, Senecio multilobatus, and
Trifolium gymnocarpon), (3) annual forbs (the dominant
species being: Salsola iberica), and (4) shrubs (the do-
minant species being: Artemisia tridentata, Chrysotha-
mnus nauseousus, C. viscidiflorus, and Gutierrezia
sarothrae).

The hypothesis was formally tested with MRPP. The
percent relative cover of perennial grasses, perennial
forbs, annual forbs, and shrubs shown in Table 8 were
used as the multivariate observation which characte-
rized the species composition of each treatment. Treat-
ments were analyzed at two points in time: (1) one year
into succession, and (2) six years into succession. Treat-
ments 2, 3, and 4 were shown to be different (P-value
= 0.035) from Treatment 1 one year into succession.
No significant difference (P-value = 0.11) was found
among Treatments 2, 3, and 4. Six years later, Treat-
ments 1 and 3 were marginally similar (P-value =
0.090). Treatment 2 was different from Treatments 1
and 3 (P-value = 0.042) and Treatment 4 was different
from Treatment 2 (P-value = 0.03). The hypothesis that
increased levels of soil disturbance can alter the pat-
tern of secondary succession was accepted because of
the following: (1) the species composition of Treatments
2, 3 and 4 was not statistically different in the early sta-
ges of succession while six years later the species com-
position of Treatments 2, 3 and 4 was statistically
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Table 10. Percent relative cover of the dominant plant species groups of each treatment on years 1 and 6 of secondary
succession.

Species Treatment 1 Treatment 2 Treatment 3 Treatment 4
Group Yr 1 Yr 6 Yr 1 Yr & Yr 1 Yr 6 Yr 1 Yr &
Grasses 49.04 62.15 14,27 38.07 1.27 43.80 0.04 5.44
Perennial

Forbs 33.90 32.86 13.39 21.05 1.14 25.31 1.48 11.79
Annual

Forbs 14.63 2.54 bb. 12 2.29 91.56 21.04 92.42 &£.57
Shrubs 2.32 2.17 5.55 37.71 5.91 ?.25 S.40 76.86
NOTE:

Treatment 1: the vegetation was mechanicaily removed with minimal disturbance to topsoil (A and B horizons).
Treatment 2: the vegetation was mechanically removed and the topsoil scarified to a depth of 30 cm.

Treatment 3: topsoil and subsoil (C horizon) were removed to a depth of 1 m. The material was mixed together and replaced.
Treatment 4: two layers of 1.m of soil were removed and replaced in a reverse order with the second layer placed on the surface.

different, and (2) Treatment 4 became a shrub-
dominated community while Treatments 1 and 3 and
to a lesser extent Treatment 2 became grass-forb do-

see Redente et al. 1982) and subjected to six treatments.
The treatments were (a) no fertilizer, (b) low fertilizer,
(c) high fertilizer, (d) mulch and fertilizer, (e) muich and

minated communities.

The second case comes from a study associated with
mine reclamation research (Redente et al. 1982). An
area that had been shallowly disturbed was seeded with
a combination of grasses, forbs, and shrubs (for details

low fertilizer, and (f) mulch and high fertilizer (Table
9). The experiment was organized in a randomized block
design with 3 blocks (Table 9). The biomasses of three
shrubs (Atriplex canescens, Ceratoides lanata, and
Ephedra viridis) were used as the multivariate obser-

Table 11. Biomass data on shrubs (g/m 2) for a reclamation study on a shallowly disturbed site (Redente et al. 1982).
The three shrubs measured on each treatment (listed from top to bottom) are: Atriplex canescens, Ephedra viridis
and Ceratoides lanata). The treatments are (a) no fertilizer; b) low fertilizer (56 kg N/ha 28 kg P/ha); (c) high fertilizer
(112 kg N/ha + 56 kg P/ha); (d) mulch (2.2 MT/ha of wood fiber hydromulch) and no fertilizer; (3) mulch and low fertili-

zer and (f) mulch and high fertilizer.

Treatment

a b d e f
Block 1 0.33 6. 67 &6,.33 3.83 .67 14.50
1.00 5.00 8.50 8.00 1.33 0.50
2.17 2.00 2.17 1.33 3.67 2.17
Block 2 2.30 18.67 4.17 11.30 8.33 21.67
0.83 0.17 1.67 2.50 1.50 0.83
4,33 2.83 2.17 3.50 2.50 2.17
Block 3 1.00 8.67 5.17 0.67 23.467 7.33
0.50 0.50 3.33 7.00 0.50 7.50
2.33 2.00 2.00 2.350 3.33 4,50




vation that characterized each treatment (Table 9). The
data was analyzed with the use of MRBP (based onv=1)
and, for comparison purposes with a series of standard
multivariate parametric analyses (see Table 11). The
null hypothesis (no difference between treatments)
could be rejected with a P-value = 0.068 with MRBP
based on v=1 (which satisfies the congruence princi-
ple) but would have to be accepted if one were to use
any of the other standard multivariate parametric me-
thods (which do not satisfy the congruence principle).

5.0 Summary and conclusions

In the previous sections we explored the shortco-
mings inherent in most of the standard statistical para-
metric techniques when it comes to their application
to ecological research in general and vegetation analy-
sis in particular. With regard to the univariate (multi-
variate) parametric methods, a series of limitations had
to do with the basic assumptions of normal (multiva-
riate normal) distributions, homogeneity of variance
(variance-covariance matrix) and linearity that have to

Table 12. Results of MRBPP, v =1 and other multivariate
parametric tests run on the data shown on Table 10.

Test Procedure P-value

MRBPP based on v = | 0.068
Hotelling’'s criteria 0.21

Pillia’s criterian 0.13
Roy’s maximum raot 0.20
Wilk’s lambda 0.15

be made about the underlying structure of the popula-
tion under study. Another potentially more serious li-
mitation, which applies not only to parametric methods
but also to most nonparametric methods, is the lack of
congruence between the geometry of the data space
and the geometry of the analysis space. While the data
space on all of the vegetation and ecological studies is
a well known metric space (a Euclidean space), the ana-
lysis space for most of the traditionally used statistical
methods is a complex nonmetric space. As the exam-

ples that were presented have shown, this can lead to.

results that are both (1) inconsistent with intuitive ob-
servations and (2) unstable when only a single value is
changed (see Example 4).

A new statistical method called multiresponse per-
mutation procedures (MRPP) and its randomized block
designed analog (MRBP) have been presented in detail
in both their theoretical as well as practical foundations.
Efficient algorithms as well as the associated compu-
ter programs needed to implement MRPP and MRBP
were outlined in Sections 3.1 and 3.2. The method does
not require any assumptions about the underlying di-
stribution structure of the population under study and,
more importantly, allows us to utilize a metric analysis
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space. Furthermore, while the most commonly used pa-
rametric methods only test for shifts in the location of
the means, MRPP and MRBP allow us to test for a va-
riety of population structural differences (shifts in the
location of the medians, changes in data concentration,
etc.) which enlarges the scope of the hypotheses that
can be accurately tested in vegetation analyses. We be-
lieve that MRPP and MRBP can be an important analy-
tical tool that can (1) enlarge the scope of research
studies in ecology and vegetation science and (2) be per-
formed with a strict adherence to the hypothetical-
deductive portion of the scientific method.
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APPENDIX I

FORTRAN program for the MRPP statistical method
For details about the algorithms used see Section (3.1).

PROGRAM DRIVER

PROGRAM DRIVER READS THE REQUIRE!

D
PARAMETERS AND THE VARIABLE FORMAT

CALLS SUBROUTINE MRPP, AND PRINTS
THE RESULTS OF THE MRPP ANALYSIS

CHARACTER IFMT*80

INTEGER
REAL
1

READ *, NCASES, NOBSVA, NGRPS,
READ *,
READ

CALL MRPP (NCASES, NOBSVA, NGRPS,
TA,

2

PRINT *
PRINT * !
PRINT * !
PRINT
PRINT *
PRINT * QUTPUT OF ALGORITHMN
PRINT * )
PRINT THE OBSERVED DELTA IS = ', DELTA
PRINT THE EXPECTED DELTA IS = ', MEAN
PRINT THE VARIANCE OF DELTA = ', SIGNA2
PRINT THE SKEWNESS OF DELTA = ', GAMMAL
PRINT THE PROBABILITY VALUE = ', PVALUE
PRINT THE LAST IFAULT VALUE = ', IFAULT
PRINT '
END
SUBROUTINE MRPP (NCASES, NOBSVA, NGRPS, ITHGRP, LP, V, IC,
1 IFMT, DATA, DEL, DC, XI, €, N, DELTA, MEAN, SIGMA2,
2 GAMMAL, PVALUE, IFAULT)
DESCRIPTION OF VARIABLES IN CALL LIST:
NCASES - INPUT, NUMBER OF CASES TO BE ANALYZED
NOBSVA - INPUT, NUMBER OF OBSERVATIONS PER CASE
NGRPS - INPUT, NUMBER OF GROUPS INTO WHICH NCASES IS
PARTITIONED
ITHGRP - INPUT, ARRAY CONTAINING THE SIZES OF THE NGRPS
LP - INPUT, VALUE OF THE METRIC ADJUSTER
v - INPUT, VALUE OF THE POWER ADJUSTER
c - INPUT, SELECTION FLAG FOR A WEIGHTING CONSTANT
FOR EACH OF THE NORPS;:
IC = 1 SELECTS G(I) = ITHGRP(I) / K,
I =1, ..., NGRPS, WHERE K=
suw [ITHGRP(D)}, I = NGRPS
IC = 2 SELECTS C(I) = [ITHGRP(I) -1}/
(K - NGRPS), I = NGRPS,
WHERE K = aun [ITHGRP(I)], 1=
..., NGRP!
IC = 3 SELECTS c(x) =1/ NGRPS, I =1,
..., NGRPS
ic = A SELECTS C(I) = M(I) / SUM [M(D)],
=1, .., NGRPS. WHERE M(I) =
ITHGR?(I) ITHGRP(I) - 1], I = 1
IRMT - INPUT, ARRAY CONTAINING THE VARIABLE INPUT FORMAT
DATA  ~ WORKING ARRAY, CONTAINING THE DATA TO BE ANALYZED
WITH NCASES ROWS AND NOBSVA + 1
COLUMNS
DEL - WORKING ARRAY, CONTAINING THE DELTA VALUES (UPPER-
CASE), I.E., DISTANCES BETWEEN AL
PAIRED OBSERVATIONS IN AN NOBSVA
HYPERSPACE
DC ~ WORKING ARRAY, CONTAINING THE (LOWER- CASE) D, Iy
VALUES, C = 1, .. 1=1,
NCA
X1 - WORKING ARRAY, CONTAINING THE XI VALUE (AVERAGE
DISTANCE WITHIN} FOR EACH GROUP
© - WORKING ARRAY, CONTAINING THE WEIGHTING CONSTANTS
N - WORKING ARRAY, CONTAINING THE B(1)-SUPER(J)
VALUES, WITH 1 = 1, NGRPS AND
J=1, ..., 6
DELTA - OUTPUT, OBSERVED (REALIZED) VALUE OF DELTA
MEAN - OUTPUT, EXPECTED (MEAN: VALUE OF DELTA
SIGMA2 - OUTPUT, VARIANCE OF THE DELTA DISTRIBUTION
GAMMAL - OUTPUT, SKEWNESS OF THE DELTA DISTRIBUTION
PVALUE - OUTPUT, PROBABILITY OF A REALIZED DELTA VALUE THIS
EXTREME OR MORE EXTREME
IFAULT - OUTPUT, ZERO IF NO ERRORS
USAGE:
SUBROUTINE MRPP READS IN THE RAW DATA, LABELS EACH GROUPING
WITH A GROUP NUMBER, AND CALCULATES THE TEST STATISTIC
(DELTA), THE EXPECTED VALUE OF DELTA (MEAN). THE VARIANCE OF
DELTA (SIGMA2), AND THE SKEWNESS OF DELTA (GAMMAL).
CHARACTER IFNT¥80
INTEGER  ITIGRP(NGRPS)
REAL DATA(1:NCASES, O:NGRPS), DEL(NCASES, NCASES),
1 DC(4, NCASES), M(6), N(NGRPS, 6), XI(NGRPS), B(12),
2 C(NGRPS), S(8), MEAN, KAPPA3, LP, NINE
DATA ZERO /0.00/, ONE /1.00/, TWO /2.00/, THREE /3.00/,
1 FOUR /4.00/, FIVE /5.00/, SIX /6.00/, SEVEN /7.00/,
2 EIGHT /8.00/, NINE /9.00/, TEN /10.0/
CHECK ON PRESENCE OF A CATEGORY OF
UNCLASSIFIED DATA, SET REMAINDER,
AND INITIALIZE XI(D), I =1, ...,
NGRPS
TOTAL = ZERO
DO 10 T = 1, NGRPS

ITHGRP(10)
DATA{1:50, 0:10), DEL(50, 50), DC{(%, 50), N(10, 6),
XI1(10), C(lO), MEAN, LP

c, v, LP

(ITHGRP(I), I = 1, NGRPS)
FMT

ITHGRP, LP, V,

DEL,
P\’AIUF., TFAULT)

C, IFMT,
DC, XI, C, N, DELTA, MEAN, SIGMA2, GAMMA1,

MRPP
MRPP

MRPP
MRPP
MRPP
MRPP
MRPP
MRPP
MRPP
MRPP
MRPP
MRPP
MRPP
MRPP
MRPP
MRPP
MRPP
MRPP
MRPP
MRPP
MRPP
MRPP
MRPP
MRPP
MRPP
MRPP
MRPP
MRPP
MRPP
MRPP
MRPP
MRPP
MRPP
MRPP
MRPP
HRPP
MRPP

MRPP
MRPP
31

MRPP
MRPP
MRPP
MRPP
MRPP
MRPP
MRPP
MRPP
MRPP
MRPP
MRPP
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10

20

. DATACT, K)))

40

56

9

=

100

110

130
140
150

XI(1) = ZERO
TOTAL = TOTAL + ITHGRP(I)
CONTINUE

REMAIN = NCASES ~ TOTAL
CHECK ON VALUE OF IFAULT

IFAULT = ONE

IF (REMAIN LT ZERO) RETURN

IFAULT = ZERi
READ IN THE RAW DATA AND LABEL EACH
GROUPING WITH A GROUP NUMBER

K = ol

L= ITHGRP(K)

DO 30 I = 1, NCASES

READ (*, IFNT, IOSTAT = ICHECK) (DATA(I, J), 3 = 1, NOBSVA)

CHECK ON VALUE OF IFAULT
IF (ICHECK .NE. 0) THEN
IFAULT = TWO
RETURN

END
DATA(I, 0) = K
IF (I .GT. L) THEN
K = K + ONE
IF (K .LE. NGRPS) THEN
=L + ITHGRP(X)

END IF
CONTINUE

CHECK ON VALUE OF IFAULT AND BEGIN

CALCULATION OF THE DISTANCES

IF (V .LE. ZERQ) THEN
IFAULT = THREE
RETURN

END IF

DO 60 I = 1, NCASES
DO 50 J = I, NCASES
DEL(I J) = ZERO
0 40 K = 3, NOBSVA
DEL(I, J) = DEL(I,

I+ (AES (DATA(I X -

CONTINUE

= DEL(I,
1) = DEL(I, J

IF (DATA(I, 0) .LE. NGRPS .AND. DATA(I,

Iy w (V[ LP)

0) .EQ.

1 DATA(J, 0)) TH N

KK = DATA(
XI{KK} = XI(H() + DEL(I,
END IF
CONTINUE
CONTINUE

N

CALCULATE VALUES OF THE WEIGHTING

CONSTANTS, C(I), I =1, ...,

IF (IC .EQ. 1) TPEN
Do 70 I = 1, NGR
C(1) = FLOAT (XTHGRP(I)) / TOTAL
CONTINUE
ELSE IF (IC .EQ. 2) THEN
DO 80 I = 1, NGRPS
C(1) = (ITHGRP(I) - ONE) / (TOTAL - NGRPS)
CONTINUE
ELSE IF (IC .EQ. 3) THEN
DO 90 1
(1) =
CONTINUE
IC .EQ, 4) THEN
ZERO

1, NGRPS
ONE / FLOAT (NGRPS)

ELSE IF (
DENOM =
DG 100 T
DENOM = DFhow p ITHCRP(I) # (ITHGRP(I) - ONE)
CONTINUE
DO 110 I = 1, NGR
(1) = (ITHGRP(I) * (XTHORP(I) - ONE)) / DENOM
CONTINUE
END IF

CALCULATE THE VALUE OF DELTA

= ZERO

1, NGRPS

TWO * XI(I}) / (!THGRP(I) * (ITHGRP(I)} - ONE))
= DELTA + C(I) * Iy

CONTINUE
CHECK ON VALUE OF IFAULT

IF (DELTA LT ZERO) THEN
IFAULT =
RETURN

END IF

CALCULATE THE VALUES FOR D(C,
WITH C ., 3AND I =1,

NCASES

DO 150 I = 1, NCASES
DO 140 K =1, 3
DC(K, 1)
D0 130 J
DC(K, I)
CONTINUE
CONTINUE
CONTINUE

ZERD
= 1, NCASES
= DC(K,

Iy + DEL(I, J) ** K

NGRPS

1),

INITIALIZE THE CUNULM\T REGISTERS
12

FOR B(1),
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B(I) = ero
160 CONTINUE
c
c CALCULATE THE B(I) VALUES BASED ON
g 4 SINGLE SUMMATION
DO 170 T = 1, NCASES
B(1) =B(1) +DC(1, I)
B(2) = B(2) +DC(2, I
B(3) = B(3) +DC(1, I) #* 2
B(5) = B(5) + DC(3, 1)
B(8) = B(6) +DC(1, I) * nc(z 1
B(10) = B(10) + DC(1, I) #*
170 CONTINUE
c
c CALCULATE THE B(]) VALUES BASED ON
g 4 DOUBLE SUMMATION
DO 190 I = 1, NCASES - 1
DO 180 J = I + 1, NCASES
B(9) = B(9) +DC(1, I) * DC(1, J) * DEL
180 CONTINUE ! s G
190 CONTINUE
. B(9) = B(9) * 2.0
o CALCULATE THE B(1) VALUES BASED ON
(c: A TRIPLE SUMMATION
DO 240 T = 1, NCASES - 2
DO 230 J =1+ 1, NCASES - 1
* DEL(I, K) % DEL{J, K)
SUM
220 CONTINUE
230 CONTINUE
240 CONTINUE
B(7) =B(7) * 6.0
g CALCULATE THE REMAINING B(1) VALUES
B4y =
B(8) =
B(11) =
B(12) = ‘
c
g CALCULATE THE VALUES FOR A1 TO A35
B(1)
B(2)
B(3) ~ B(2)
B(4) ~ TWO'* A2 - FOUR * A3
B(5)
B(6) - B(S5)
B(7)
B(8) + TWO * (B(5) - TWO ¥ B(8))
B(9) + B(5) - TWO * B(6) - B(7)
B(10) + TWO * B(5) - THREE * B(6)
B(11) - TWO * (B(10) - B(7) + TWO * (B(5) + B(9))) + TEN
1 * B(6) -
A12 = B(12) - FOUR * (AS + TWO * (A7 + A10 + THREE * (A6 + A9))
1 ) - SIK * (A8 + TWO * All)
c
c CALCULATE THE VALUES FOR N-SUPER(I)
c WITHI =1, ..., 6
c
M(1) = NCASES
DO 280 I = 2, 6
M(I) = M(I - 1) * (NCASES - I + 1)
280 CONTINUE
c
c CALCULATE THE VALUES FOR D1 TO D12
c
D12 = Al2 / M(6)
C
c CALCULATE THE VALUES FOR N-SUB(I)-
c SUPER(J) WITH 1 =1, ..., NGRPS AND
c J=1, ..., 6
c
DO 300 I = 1, NGRPS
N(I, 1) = ITHGRP(I)
DO 290 J =
N(I, 3) = mx, J - 1) * (ITHGRE(I) ~ J + 1)
290 CONTINUE
300 CONTINUE
¢
[ INITIALIZE THE SUB-TOTAL REGISTERS
c S(I), I1=1, ..., 8
c
DO 310 1 =1, 8
S(I) = ZERD
310 CONTINUE
.
c CALCULATE THE SUB-TOTALS FOR THE
c S(I) VALUES WITH I = 1, ..., &
c
DO 340 1
S(1) c(I) N(I, 2)
5(2) c(1) N(T, 1
S(3) C(I) * N(I, 2) #* 2
S(4) C(I N(I, 3) / N(I, 2) ** 3
5(5) c( ((ONL - C(I)) / N(1, 2) + C(I) *
1 / )
5(6) = S(6) + C(I) %% 5 % N(I 4) /NI, 2) ¢
S(7) = S(7) + C{I) ** 2 * N%E-CU»~'MX‘N/

N(I, 2) % 2 + C(I) * N(I, 5) / N(I, 2)
$(8) '+ C(I) * ((ONE - (1)} * (ONE - TWO
“ (ONE - C(I)) * N(I, 4) /
* NI, 6) / N(TI, 2) =% 3)

8(8) =

1

340 CONTINUE

CALCULATE THE EXPECTED VALUE OF THE
TEST STATISTIC (DELTA)

MEAN = D1

CALCULATE THE VARTANCE OF DELTA
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SIGMA2 = TWO * (S(1) - ONE / M(2)) ¥ (D2 - TWO * D3 + D4) +
1 FOUR * (8(2) ~ ONE / M(1)) * (D3 - D4)
CALCULATE THE SKEWNESS OF DELTA
EDELT3 = (THREE * D6 + D7) +
DY + D10) +
2
KAPPA3 MEAN
GAMMAL =
CALL TYPE3 (DELTA, MEAN, SICMA2, GAMYAL, PV/ [FAULT)
RETURN
END
SUBROUTINE TYPE3 (DELTA, MEAN, SIGMAZ, GAMMAI, PVALUE, IFAULT)

DESCRIPTION OF VARIABLES IN CALL LIST:

DELTA INPUT, OBSERVED (REALIZED) VALUE OF DELTA

MEAN - YNE’UT, EXPECTED (MEAN) VALUE OF DELTA
SIGMA2 - INPUT, ANCE OF THE DELTA DISTRIBUTTON
GAMMAL - INPUT, SKEWNESS OF THE DELTA DISTRIBUTTON

PVALUE - QUTPUT, PROBABILITY OF A REALIZED DELTA VALUE THIS
EXTREME OR MORE EXTREME

IFAULT - OUTPUT, ZERO IF NO ERRORS

USAGE:

SUBROUTINE TYPE3 COMPUTES
BASED ON THE PEARSON TYPE

AND RETURNS A PROBABILITY VALUE
II1 PROBABILITY DISTRIBUTION.

REAL MEAN, NINE, LINIT .

PARAMETER (N = 500, LIMIT = 0.9999, TEST = 0.001)

DATA C1 / 16067.0/, C2 /106300.0/, C3 /48525.0/, C4 /272400.0/,
C5 /260550.0/, C6 /427368.0/, C7 /32134.0/, C8 /299376.0/,
ZERO /0.00/, ONE /1.00/, TWO  /2.00/, THREE /3.00/,
FOUR /4.00/, FIVE /5.00/, SEVEN /7.00/, EIGHT /8.00/,
NINE /9.00/

W

TEST FOR THE NUMERICAL RANGE OF THE
GAMMA1 VALUE AND THE STANDARDIZED
TEST STATISTIC

= (DELTA - MEAN) / SQRT (SIGMA2)
IF (ABS (GAMMALl) .GT. TEST) THEN
ALPHA = TWO / ABS (GAMMAL)

1F (GAMMA1 .LT. ZERO .AND. T .GT. LIMIT * ALPHA) THEN

PVALUE = ONE
ELSE IF (rAmxAx .GT. ZERO .AND. T .LT. -LIMIT * ALPHA) THEN
PVALUE =
£
GO 10 10
END IF
ELSE
CALCULATE A PROBABILITY VALUE BASED
ON THE NORMAL DISTRIBUTION
DATA BO /0.231641960/, B1 / 0.319381530/, B2 /-0.356563782/,
B3 /1.781477937/, B4 /-1.821255978/, BS / 1.330274429/
ONE / (ONE + BO * ABS (T)) .

D =

PI FOUR * ATAN (ONE)

F"/ALLE = (EXP (- ONE T 2 / TWO)) / SQRT (TWO PI)) *
1 D {B1 + D (B2+D (B3 +D* (B4 + D B5)))

IF (T .GT. ZERO)} PVALUE = ONE - PVALUE

END IF

CHECK ON VALUE OF IFAULT

IF (PVALUE .LT. ZERO) TFAULT = SEVEN
RETURN
CALCULATE THE VALUE OF THE NATURAL
LOG OF B
10 B = GHAT (ALPHA 2) + ALPHA % 2 % (ONE - LOG (ALPHA))
BEGIN THE INTEGRATION ROUTINE
THETA =

IF (GAMMAL .LE. ZERO) THETA =
(T - THETA) / FLOAT (N)
Ci * FOX3 (ALPHA, GAMMAL, B, THETA)

CI * FOX3 (ALPHA, GAMMA1, B, THETA + NINE)

ZERO

I=10, N,

Y2 + C2 % (;oxz (ALPHA, GAMMAL, B, THETA + (I - 9) =
+ FOX3 (ALPHA, GAMMAL, B, THETA + (I - 1) % C}) - €3
(FOX3 (ALPNA, GAMMAL, B, THETA + (I - 8) * C) + FOX3
ALPHA, GAMMAL, B, THETA + (I - 2) * C)) + C& * (FOX3
ALPHA, GAMMAL, B, THETA + (I - 7) * C) + FOX3 (ALPHA,
GAMMAL, B, THETA + (I - 3) * C)) - C5 * (FOX3 (ALPHA,
GAMMAL, B, THETA + (I - 6) % C) + FOX3 (ALPHA, GAMMAL,
B, THETA + (I - 4) % C)) + C6 * FOX3 (ALPHA, GAMMAL, B,
THETA + (1 - 5) * C) + C7 * FOX3 (ALPHA, GAMMAL, B,
THETA + 1 * €)

20 CONTINUE

THETA - NINE

o
N
RN
=

)

C
(
(

VRN W

CALCULATE A PROBABILITY VATLUE BASED
ON A PEARSON TYPE IT1 DISTRIBUTION

PVALUE = FIVE * (T - THETA} * (Y0 - Y1 + ¥2) / (C8 * N)
CHECK ON VALUE OF IFAULT
IF (PVALUE .LT. ZERO) IFAULT = EIGHT

RETURN
END

FUNCTION GHAT (Y)
DESCRIPTION OF VARIABLES IN CALL LIST:
Y - INPUT, VARIABLE PASSED FROM SUBROUTINE TYPE3
USAGE:

FUNCTION GHAT CALCULATES STIRLING'S APPROXIMATION FOR THE
NATURAL LOG OF (UPPER-CASE) GAMMA (Y).

DATA C1 /12.0/, €2 /360.0/, C3 /1260.0/, C4/1680.0/,
1 €5 /1188.0/, ZERO /0.00/, ONE /1.00/, TWO /2.00/,
2 FOUR /4.00/, TEN /10.0/, HALF 70.50/
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496

B - INPUT, PARAMETER (B)

o ¢ PASSED FROM TYPE3 NRPP 518
PI = KLIUR “ ATAN (ONE) MRPP 497 o X - INPUT, VARIABLE PASSED FROM SUBROUTINE TYPE3 MRPP 519
S = 3ERO MRPP 498 C i MRPP 520
X= ¥y NRPP 499 C  USAGE: NRPP 521
D020 T = ] MRPP 500  C MRPP 522

SO = SUR + 106 (K - T) MRPP 501 € FUNCTION FOX3 CALCULATES F(X) FOR THE PEARSON TYPE 17T PP 52

10 CONTINUE MRPP 502 ¢ PROBABILITY DISTRIBUTION. NREP 35
GHAT = * LOG (X) - X + HALF * LOG (TWO * PI) + ONE  MRPP 503 MRPP 525
i - on co / * MRPP 504 REAL LIMIT MRPP 526
2 ONE / (ca o x MRPP 505 PARAMETER (LIMIT = -675.0) MRPP 327
RETURN HRPP 506 DATA ZERO /0.00/, ONE /1.00/ NRPP 528
B MRPP 507 ¢ NRPP 529

MRPP 508 FOX3 = ZERO %“RPP 530
HREE 909 IF (GAWMAL .LT. ZERO) THEN NRPP 531
Y = ik - = LL - E -
FUNCTION FOX3 CALPIA, GARNAL, 3, %) HRPP 510 POWER = (ALPHA ** 2 - ONE) * LOG (ALPHA - X) + ALPHA * X - B MRPP 532
HRPP 512 g - * .
DESCRIPTION OF VARIABLES IN CALL LIST: HRPP 513 END Tp | CALPUA T2 - ONE) % LOG (ALPA 4 X) - ATPHA * X - B NREp 23
HMRPP 514 ‘i ; !
ALPHA - INPUT, PARAMETER. (ALPHA) PASSED FROM TYPE3 HRPP 515 ,EE SR PR -GT. LINIT) FOK3 = EXP (POVER) b o3
BETA - INPUT, PARAMETER (BETA) PASSED FROM TYPE3 HRPP 516 ore iNeP 538
GAMMA - INPUT. PARAMETER (GAMMA) PASSED FROM TYPE3 HRPP 517 HREP

FORTAN program for the MRBP statistical method
For details about the algorithms used see Section 3.2)

PROGRAM MRBP
IMPLICIT REAL®8(A-H,0-Z)

THIS FORTRAN PROGRAM COMPUTES THE TEST STATISTIC AND ASSOCIATED
P-VALUE FOR AN ANALYSIS OF A RANDOMIZED BLOCK EXPERIMENT (MRBP).
THE CORRESPONDENCE BETWEEN A CORRELATION ANALYSIS AND A
RANDOMIZED BLOCK EXPERIMENT CAN BE USED TO GET A CORRELATION
COEFFICIENT AS WELL. THE MAXIMUM VALUES OF G, B AND R CAN BE
CHANGED FOR ANY EXAMPLE. THE PRESENT MAXIMUM VALUES OF G, B
AND R IN THIS PROGRAM ARE RESPECTIVELY 10, 8 AND 5.

COMMON /BL1/D(80,80)

COMMON /BL2/SJ(10,8,8),8J2(10,8, s) $J3(10.8,8),UJ(10.8.8)
COMMON /BL3/V,G,B,R,DATA(10.8.5

COMMON /BL4/WI(8.8.8).Y1J(8.8, s) ZLJK(8.8.8)

COMMON /BL5/S1J(8,8).S1J2(8.8),S1J3(8.8).ULJ(8.8),

1 T1J2(8.8).TIJ3(8.8).VI(8.8)

COMMON /BL6/T ,GAM, PROB

CHARACTER FMTB0, HEADXSO, FING4, FOUTw64

INTEGER G,B.R

THE DATA MATRIX MUST BE IN THE FOLLOWING SEQUENCE WITH EACH
OBJECT'S R RESPONSE VALUES ON A SEPARATE LINE AS FOLLOWS:
A(1.1.1).A(1.1.2),. .., AC1.1.R)
A(1,2.1),A(l.2,2),4...A(1.2.R)
A(1.B.1).A(1.B.2),...,A(1.B.R)
A2 1.1).A(201.2) . AC2I1.R)
A(2.B.1).A(2.B.2)..... A(2.B.R)
A(G.1,1).A(C.1.2).....A(B.1.R)
A(G.B.1).A(C.B.2).....A(G.B.R)

THE INPUT DATA ARE IN FREE FORMAT.
G IS # OF GROUPS, B IS # OF BLOCKS, AND R IS # OF RESPONSES.

WRITE(%,590)
590 FORMAT{'1’, ANALYSIS OF RANDOMIZED BLOCK EXPERIMENT (MRBE)'///
1 ' ENTER NAME OF INPUT DATA FILE: '\)
READ(*, " (A} " )FIN
WRITE(%.591)

591 FORMAT(' ', 'ENTER NAME OF OUTPUT/DEVICE FILE: '\)
READ(*, ' (A) * JFOUT
OPEN(5, FILE=FIN)
OPEN(6, FILE=FOUT, STATUS="NE¥" )
READ (5,°(A)') HEAD
READ (5.%) V.G,B.R
WRITE (6,600) HEAD,V.R.G.B
600 FORMAT (' ', ANALYSIS OF RANDOMIZED BLOCK EXPERIMENT (MRBP): '/
1 4X,A/4X. "DISTANCE EXPONENT: °.F4.1/4X."WITH ',I5,
2 * RESPONSES, ’.I5,.' GROUPS, °,I5,' BLOCKS.',
3 //1X, *w% INPUT DATA: /)
DO 110 I=1,6
DO 107 J=1,B
READ (5,.%,END=50) (DATA(I,J.K).K=1.R)
WRITE (6.58) I.J.(DATA(I,J.K).K=1,R)
107 CONTINUE
110 CONTINUE
58 FORMAT (215,8F10.2)
CLOSE(5)
CALL MRPP
GO TO 200
59 ¥RITE (6,60)
60 FORMAT *ERROR--END OF FILE ENCOUNTERED')
WRITE (6, 61) G.B,R
61 FORMAT (' ','CHECK THESE: G = ',I5,' B = ',I5," R = *,15)
200 STOP
END

SUBROUTINE MRPP
IMPLICIT REAL®S (A-H,0-Z)

COMMON /BL1/D(80,80)

COMMON /BL2/S(10,8,8).SJ2(10,8.8),8J3(10,8.8),UJ(10,8.8)
COMMON /BL3/V,G,B.R,DATA(10.8,5)

COMMON /BL4/WI(8,8,8),YLJ{8.8.8),21JK(8,8.8)

COMMON /BL5/S1J(8.8).S1J2(8.8),51J3(8,8),U1](8.8).

1 TIJ2(8.8).TLJ3(8. s) VI(8,8)

COMMON /BL6/T,GAM, PRO

INTEGER G,B.R

SPECIFICALLY, V IS DISTANCE EXPONENT,

C

ONE=1.0D0
ZER0=0.0D0
X=ONE»V/2
BC2=ONE»B»(B-1)/2
DO 10 I=1,G

IF (1.BQ.K) LO=)
DO 7 L=10,B
TJ=Br(I-1)+]
KL=Bw(K-1)+L
D(1J.KL)=ZERO
DO 6 M=1,R
n(u KL)=D(LJ.KL)+(DATA( T, J,M)~DATA(K, LK) }me2

D(IJ KL) =D(1J.KL )X
D(KL.1J)=D(13.KL)
CONTINUE
CONTINUE

DO 29 IR=1.B
IF (IR.EQ.IS) GO TO 28
SI1J(IR, IS)=ZERO
SIJ2(IR, IS)=ZERO

SIJ3(IR, IS)=ZERO
DO 27 11,6
SJ(1,IR, IS)=ZERO
$J2(1, IR, IS)=ZERO
$J3(1. IR, IS)=ZERO
DO 26 J=1,
IRR=(1-1)%B+IR
JSS=(J-1)#B+IS
SJ(1,1R, IS)=8J(I, IR, IS)+D( IRR, JSS)
SJ2(1.1R.I8)=8J2(1, IR, IS)+D(IRR, JSS)me2
$J3(I,IR, IS)=8J3(1, IR, IS)+D(IRR, JSS)es3
INUE

SIJ(IR,1S)=S1J(IR, IS)+SJ(I, IR, IS)
SIJ2(IR, IS)=SLJ2(IR, IS)+8J2(1. IR, IS)
SI1J3(IR.IS)=SIJ3(IR, IS)+SJ3(I, IR, IS)
27 INUE
28 CONTINUE
20 CONTINUE
30 CONTINUE
T2=7ERO
IF (B.LE.2) GO TO 51
DO 50 IT=3,B
IT1=IT-1
DO 49 1S=2,IT1
181=18-1
DO 48 IR=1,IS1
WI(IR, IS, IT)=ZERO
WI(1S, IR, IT)=ZERO
WI{IT, IR, IS)=ZERO
YLJ(IR, IS, IT)=ZERO
ZIJK(IR.IS, IT)=ZERO
DO 47 I=1,G
WI(IR,IS,IT)=WI(IR, IS, IT)+SJ(I, IR, IS)*SJ(I,IR,IT)
WI(IS, IR, IT)=WI{IS.IR.IT)+SJ(1.1S, IR}*SJ(1, 1S, IT)
WI(IT,IR,IS)=WI(IT, IR,IS)+SJ(I,IT, IR)xSJ(I,IT.IS)
DO 46 J-1.G
IRR=Bx(I-1)+IR
J8S=Br(J-1)+IS
JTT=Br(J-1)+IT
1SS=Bx(1-1)+1S
YIJ(IR, IS, IT)=Y1J(IR, IS, IT)+
D(IRR, JSS)*SJ(I, IR, IT)SJ(J.1S,IT)+
D(IRR, JTT}*SJ(1, IR, IS)SJ(J, IT,IS)+
D(ISS, JTTI*SJ(1. 1S, IR)#SJ(J.IT. IR)
DO 45 K=1.G
KTT=(K-1)*B+IT
ZIJK(IR,IS, IT)=ZIJK(IR, IS, IT)+
1 D(IRR, JSS)*D( IRR,KTT)*D(JSS,KTT)
CONTINUE
CONTINUE
CONTINUE
T2=T2SIJ(IR, ISSTI(IR, [T)STI(IS, IT)-
1 SIJ(IS. IT)*WI(IR, IS, IT)*G
2 SIJ(IR, IT)*WI(IS, IR, IT}*G-

W

45

47
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3 SIJ(IR,IS)MWI(IT, IR, IS)nG+ WRITE (6,640) RHO
4 YIJ(IR, IS, IT)nGHG-ZIJK( IR, IS, IT)NGHGG 640 FORMAT (11X.'AGREEMENT MEASURE',T29,': ',G16.7)
48 CONTINUE WRITE (6,650) T
49 CONTINUE 650 FORMAT (nx *(D-E[D])/STDEV(D) * . T29, *.G16.7)
50  CONTINUE CALL PV,
T2=T2%6/{G-1) WRITE (6 670) FROB
51 CONTINUE 670 FORMAT (11X,'P-VALUE',T29,: °,G16.7)
DO 100 18=2,B RETURN
181=1S-1 END
DO 99 IR=1,IS1 c
T1J2(IR. IS)=ZERO SUBROUTINE PVALUE
TIJ3(IR, IS)=ZERO c
VI(IR, IS)=ZERO c SUBROUTINE PVALUE CALCULATES THE PROBABILITY OF A
ULJ(IR, IS)=ZERO c VALUE OF T BEING LESS THAN OR EQUAL TO THE OBSERVED
po 98 I=1.G C VALUE OF T . .
TLJ2(IR, IS)=TIJ2(IR, IS)+SJ(I, IR, IS)mn2+ c
1 SJ(L,1IS, IR)wwe2 INPLICIT REALXS({A-H,0-Z)
TIJ3(IR, IS)-ms(m IS)+SJ(1, IR, IS)mu3+ c COMMON /BL6/T.GAM, PROB
1 SJ(I.1S, IR)wex¢
VI(IR, IS)—VI(XR 1S)+SJ(1. IR, IS}*SJ2(1, IR, IS)+ = 1.0D0
1 SJ(1.1S, IR)*sJ2(1,1S, IR) mzo = 0.0D0
UJ(1, 1R, 18)=ZERO PI = DATAN(ONE)»4
DO 97 J=1,G IF(DABS(GAM) .LT.0.01D0) €O TO 50
IRR=Br(I~1)+IR R = ONEX2/DABS(GAM)
JSS=Bx( J-1)+1S D = ReR
UJ(I,IR.1S)=UJ(I, IR, IS)+ F = RR+10
1 D(IRR, JSS)*SJ(I,IR,IS)*SJ(J. 1S, IR) DO10T=1,9
97 CONTINUE D = Dw(RWR+I)
UIJ(IR, IS)=UI]J{IR,IS)+UJ(I,IR,IS) 10 CONTINUE
o8 CONTINUE U = (Fu2-1)WDLOG(F)/2-F+DLOG( PI%2)/2-DLOG(D)+ONE/ (F¥12)
99 CONTINUE & —ONE/ (FHFHF®360)
100 CONTINUE A = BeR-1
T1=ZERO = ReR%(DLOG(R)-1)-U
EDEL=ZERO ©0.045D0
VAR=ZERO
DO 200 1S=2,B
1S1=15-1

DO 199 IR=1,IS1
IF (G.LE.2) GO TO 198

T1=T1+(SIJ(IR, IS)se3)%4-SIJ(IR, IS)*TIJ2( IR, IS)*GXG+ IF(GAM LT.ZERO) GO TO 30
1 ULJ(IR, IS)*GHGHE+T1 J3( IR, IS ) %GrGR2+ IF(T.LT.W) THEN
2 SIJ(IR, ISXS1J2( IR, IS)*GuGr3~ PROB = ZERO
3 VI{IR, IS)*GHGRGH3+ST J3( IR, IS)*GHGHGHG 0 TO 60
198 EDEL=EDEL+SIJ{IR, IS} END IF
VAR=VAR+S1J( IR, IS}*SIJ(IR, IS)-TIJ2(IR. IS)*G+SIJ2( IR, IS)*GXG X=T
199 CONTINUE Y = T+9
200 CONTINUE DO20 1 =
IF (G.LE.2) GO TO 206 Hl = thlzxp(.«nnwc(mxmm(zux ~1))-Re(X+G1%(2%1~1) )+B)
T1=T1/(G-2) H2 = H2+DEXP(AMDLOG(R+X+G251 ) -Rw(X+G2m1)+B)
206 C1=ONE/(BC2XGHG) 20 CONTINUE
=C1%C1 HIN = DEXP(AXDLOG(R+X+G1%199)-R¥(X+G1%199)4B)
C3=C2%C1 HO = DEXP(A#DLOG(R+X)-RMX+B)
EDEL=CI®EDEL H3 = DEXP{AMDLOG(R+Y)-R¥Y+B)
VAR=VARXC2/(G-1) PROB = ONE-G3w(HO+ (H1+H1N)4+H2x2+H3)
GAM=CI#(T1-T2)/(G-1) 30 ST GIow) THEN
GAM=CAM/DSQRT (VARW#3) PROB = ONE
DELTA=ZERO €0 TO 60
DO 300 18=2,B END IF
181=18-1 X = T.0
DO 299 IR=1,IS1 Yor1
DO 298 1=1,G

DO 40 I = 1,99
H = HI+DEXP(AXDLOG(R-X-G1%(21-1) ) +R(X+G13(2%I~1))+B)
= H2+DEXP{AXDLOG(R-X—G2x1 ) +R%(X+G2%1 ) +B)
40 oormmm

IRR=(1-1)%B+IR
1SS=(I-1)wB+IS
DELTA=DELTA+D( IRR, ISS)

28 ooN'mTurI:M HIN = DEXP(ADLOG(R-X-G1199)+R(X+G1x199)+B)
B ONTINGE HO = DEXP(AXDLOG(R-X)+R¥X+B)
P H3 = DEXP{AXDLOG(R-Y)+RXY+B)

DELTA=DELTA/CO

PROB = G3%(HO+(HI+HIN)*4+H2H2+H3)
TO 60

T o) (¥AR) 0.3193815300
WRITE (6(590) ) E2 = -0.356563782D0
I . 1.781477937D0
590 FORMAT (// ',’ RESULTS OF MRBP ANALYSIS:'/) L eotaesreno
WRITE (6,600) DELTA o o 1 33057445000
600 FORMAT (11X, DELTA(D)'.T29,': *.G16.7) 0 23 iea1900
0 mT(Si?;o!m DELTA’.T29,°: °'.G16.7) W= ON'E/(H*D)\BS(T )+1)
st WRITE é 620) VAR e PROB = ({ ((ESWW+E4)*W+E3)xW+E2)»W+E1)xWnDEXP(~TxT/2)/DSQRT(PIx2)
(6.620) . A 1F(T.GT.ZERO) PROB = ONE-PROB
620 FORMAT (11X, 'VARIANCE OF DELTA',T29,": °.G16.7) 0
WRITE (6,630) GAM mmumv
630 FORMAT(11X,'SKEWNESS OF DELTA",T29,':  '.G16.7)



