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FUZZY CLUSTERING OF ECOLOGICAL DATA

S. Marsili-Libelli, Department of Systems and Computer Science, University of Florence, via S. Marta 3, 50139 Florence, Italy

Abstract. Ordination and classification have always been important stages in ecological data analysis. This
paper presents a clustering technique based on fuzzy sets to obtain both ordination and classification parti-
cularly well suited for ecological analyses. Three algorithms are presented to categorize data, classify new
ones, and produce fuzzy dendrograms. Some examples demonstrate the algorithms’ capabilities to yield
graded classification of data and show that this approach has more flexibility compared to classical methods.

1. Introduction

Clustering represents a widely used technique to pro-
cess data and to establish connections within seemin-
gly unrelated observation sets. Deterministic clustering
in a sweeping variety of forms has been used to pro-
cess any kind of experimental data from the most di-
verse disciplines: for a thorough survey refer to
Cormack (1971), Orléci (1978), Pielou (1984), and Dil-
lon and Goldstein (1984). However, when dealing with
biological or ecological data which bear a large inhe-
rent uncertainty, such deterministic groupings often re-
sult in misleading or utterly unrealistic associations.
Further, the hard cluster has no provision to deal with
borderline situations, which are very common in eco-
logical analysis, warning the scientist to what extent
a particular cluster is contrived.

It will be shown in this paper that fuzzy clustering
is by its very nature able to determine the degree of
membership of a data point to a certain group, thus gi-
ving more information regarding the extent to which
the given data belong to a particular structure. Fuzzy
sets were first introduced by Zadeh (1965) and for a tho-
rough survey on fuzzy sets and their use in the expert
systems context the reader is referred to Gaines and Ko-
hout (1977), Kaufmann and Gupta (1985), Negoita
(1985), Zimmermann (1985), Kandel (1986), and Yager
et al. (1987). In the present context of ecological data
processing, the notion of fuzziness will be regarded pri-
marily as a means to quantify the degree of similarity
of a given data point with respect to previously grou-
ped data (Feoli and Zuccarello 1986, 1988).

Many different multivariate techniques go under the
general name of clustering, though there is little gene-
ral agreement on what actually constitutes a cluster.
In this context the notion of cluster will be used as an
aggregation procedure in which a definition of simila-
rity is used to categorize multivariate date. Clustering
algorithms can be divided into two broad categories: ag-
glomerative (or hierarchical) and divisive (or partitio-
ning). The former aggregates the data according to a
varying similarity threshold, whereas the latter parti-
tions the data with respect to a similarity-sorting crite-
rion. This paper will be concerned with both categories

and will show how the fuzzy approach provides an uni-
fying basis for these seemingly contrasting approaches
using a sorting criterion based on fuzzy sets. The main
advantage with respect to conventional clustering tech-
niques is that this approach produces a graded mem-
bership for the classified data, thus enabling the user
to discern the degree of aggregation within the given
data set.

The paper is organized as follows: section 2 reviews
the classical deterministic divisive clustering involving
the minimization of a membership functional. Section
3 extends the previous method to graded partitions
through a fuzzy clustering algorithm, obtained with the
JSuzzification of the previous membership functional.
Then section 4 deals with fuzzy cluster validity in term
of partition efficiency, discussing the selection of the
optimal number of clusters. Section 5 shows how the
fuzzy algorithm of section 3 provides guidelines for the
construction of a fuzzy classifier of new data with re-
spect to existing clusters. In section 6 the familiar den-
drogram representation of hierarchical divise clusters
is revisited and the new concept of fuzzy dendrogram
is introduced. In section 7 some significant examples
are presented to demonstrate that this approach is par-
ticularly suited for ecological applications.

2. A review of deterministic partitions

The two main constituents of deterministic partitio-
ning techniques are a similarity measure and a mem-
bership functional whose minimization should produce
the optimal partition. This is usually an iterative pro-
cess and presently it is assumed that the number of clu-
sters is predetermined by the user, whereas the problem
of finding the most appropriate number of clusters is
dealt with later in the paper. Let the data points be re-
presented by a matrix X € RY !, where N is the num-
ber of data and { the dimension (or number of features)
of each of them, i.e.

X - (X3 | k=1, ..., N| X, € R} 1)

Now, the data set X is to be partitioned-into C clu-
sters. To obtain the required similarity measure assu-
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me that i=1, 2, ..., C clusters have been formed from
the original data set and that the mean of the j-th fea-
ture (j = 1, 2, ..., £) of the data grouped into the i-th
cluster is expressed by V; (j). Then the similarity of
the k-th individual to the i-th cluster center V; (j) can
be defined in terms of all the ¢ features of the k-th point
Xy. Several definitions of similarity can be adopted
(Cormack 1971) to group the data. In this paper the eu-
clidean distance between the k-th point Xy and the i-
th cluster V; will be assumed to represent such a mea-
sure, %.e.,

4
Dk, = X4 (% () — Vi @) @

- whereas the partition functional is defined as the sum
- of distances defined by (2), i.e.

C

N
Yo, ®)

1a ©) = i=1 k=1

Minimizing J4 (C) amounts to minimizing the within-
group squared distances, so that the data which have
the least dissimilarities are allocated to the same clu-
ster. Starting with a predetermined number of clusters
C and a tentative partition, J4 (C) is minimized iterati-
vely moving the data from one cluster to another until
a minimum is reached. The mutually farthest C points
are an obvious choice as the starting centroids, which
are then recomputed at each iteration until a minimum
of J4 (C) is obtained. At the end of the process the
membership matrix U € R%N of the data points X with
respect to the clusters will be composed of 1 or 0 en-
tries so that the memberships of each point Xy to the
C clusters are mutually exclusive.

3. A fuzzy partition algorithm

The approach just outlined produces a ‘‘hard’’ par-
tition of the data set X into C predetermined clusters,
so that a point X, is eventually assigned to one and on-
ly one cluster. Conversely, the idea of using fuzzy sets
to represent graded partitions stems from the inheren-
tly uncertain nature of ecological data and the conse-
quent inability to obtain reliable results in deterministic
terms. When classifying ecological affinities it is often
impossible or at least misleading to impose hard assign-
ments, whereas a gradual transition from a high to a
low affinity is often much more appropriate. Fuzzy sets
are by their very nature able to express the degree of
membership of a data point to a number of classes, thus
quantifying the extent to which the given data can be
associated to a particular group. This is an all-important
feature in ecological data processing where system com-
plexity often adds up to data scarcity with the result
that the boundaries between differing ecological situa-

tions are sometimes very difficult to extricate.

The original idea of using fuzzy sets in clustering
techniques came from Ruspini (1969), to be later exten-
ded by Bezdek (1974, 1981), Dunn (1974a), Gustafson
and Kessel (1979). Basically there are two ways of in-
troducing fuzziness into a partition: one is to fuzzify the
partition functional, the other is to consider the simi-
larity matrix as a fuzzy matrix. This latter approach has
been recently developed by Zhao (1987) to determine
overlapping soft clusters, whereas the former still re-
presents the mainstream of fuzzy clustering literature
and it will be adopted in this paper. The difference with
the deterministic approach of section 2 is that now the
partition functional to be minimized is defined as

N ¢C
3 (C,m) = X2 20w )" DR 5 @
k=1 i=1
where the weights uy ; are the elements of the fuzzy
membership matrix U defined as

U = [ukyi | kzl, vaey N |1 = 1, srey C ' uk, i€ (0, 1)
(5)
lU € RCXN}

The exponent m € [1, 0) appearing in (4) determines
the incidence of fuzzy memberships uy_; on the parti-
tion and Di, i is the same squared euclidean distance
of eq. (2). The cluster centers V; are defined as the
weighted fuzzy sum of the Xj points

N
lgl (e, )™ X
V=-——i-12,..,C (6)

N
m

Xy

k=1 (U, 9

It can be seen that fuzziness enters into the deter-
mination of the cluster centers V; since the points X;
are weighted with their fuzzy membership. So the da-
ta with a high membership will attract the centroid mo-
re than points with a low membership. Furthermore,
since each matrix element is bounded, i.e. uy ; € ©, 1),
increasing m results in a fuzzier, less discriminating par-
tition. The cluster centers V; represent the set of pro-
totypes, i.e., the values that the typical constituent of
that cluster should have, whereas the uy ; component
of the fuzzy matrix U denotes the extent to which the
point Xy is akin to the i-th cluster. Contrary to the mi-
nimization of the hard functional J4 (C) of section 2,
where minimization was achieved by moving data
points from one cluster to another, functional J; (C, m)
is minimized by assigning suitable values to the fuzzy
matrix U of eq. (5), reminding that the sum of the mem-
berships of each point X to all the clusters must be
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C
igluk’i=1vk=1,...,N )

The general solution to this problem is outlined in
detail in Bezdek (1981) and a simplified version is sum-
marized here. Minimizing the composite function ob-
tained from egs. (4) and (7) yields

c c
F (U, N = E(“k,i)mDi,i_)\(iszluk,i_ 1) 3

where \ acts as a Lagrange multiplier. Considering a ge-
neric element of U, uy ; and setting the partial deriva-
tives to zero yields

C
aF
— - —~1=0
- 2 Uk ©)
aF

= (m(u )" 'DE;—2 =0 (10)
allk’ i ’
Solving eq. (10) for uy ; yields

A _

u = ( ——— )b (11)

lez(,i

substituting (11) into 9 and taking summation over all
the clusters C yields

A
( ;)ll(m—l) _ [T____} 1/(m—1) (12)
1

i=1 2
=1 Dy,

1/(m—

A
Eliminating the term (— ) D petween eq. (11)
m

and eq. (12) yields the fuzzy matrix U in which the ele-
ment uy ; is a function of the ratio between the dlstan-
ce Dk i, between Xy and the i-th centroid V;, and Dk i
between the same X; and all other centroids V;.

Uk, i= (13)

¢
E 2/(m—1)
.i= 1 Dk J

The algorithm must, be organized recursively as follows:

- Algorithm 1:

(i) a tentative set of cluster centers {V’} = {VI]i=1,
., C} is determined from the C mutually farthest points

'8 = MAX MAXJu |
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according to eq. (2);

(ii) an initial fuzzy partition v’ satisfying the consisten-
cy constraint (7) is determined from [VO};

(iii) a new fuzzy partition U' is determined using (13);
(iv) the cluster centers {Vt] are recomputed through

-eq. (6) on the basis of Ut;

(v) when two successive fuzzy partitions U ! and U
differ by less than a given amount the iteration is ter-
minated and U' is taken as the partition which mini-
mizes (4). In practice the termination criterion considers
the maximum difference computed for each point and
each cluster center

—uj (14)
k i

The problem of singularity in (13) remains to be con-
sidered. In the event that a point coincides with a cen-
troid, then Dﬁ’i = 0 for that point. In this case eq. (13)
is skipped and the corresponding uy ; is assigned full
membership, Z.e. v ; = 1.

4. Fuzzy partition efficiency

The fuzzy partition functional J; (C, m) has two al-
gorithmic parameters: C and m. As already stated, the
exponent m is a way to introduce more or less fuzzi-
ness into the partition, i.e. the higher m, the fuzzier the
partition. Now we turn our attention to C, the number
of clusters, to determine whether there exists for a gi-
ven data set X a particular C which produces the most
efficient partition. In fuzzy clustering two opposite re-
quirements must coexist. Though the final goal is to pro-
duce a discriminating partition enabling unambiguous
feature extraction, on the other hand fuzziness is in-
tentionally introduced to rank data memberships. In ge-
neral, though fuzziness is introduced to enhance
clustering flexibility, both C and m should be such that
the resulting partition is significant from an
information-theoretic point of view. A widely used in-
dicator of the information content of a cluster partition
is the partition entropy (Dunn 1974b; Bezdek 1981) de-
fined as

H(U, 0 = — (15)

where it is agreed that uy ; log (ug, ) = 0 when
ug ; = 0. Further, it has been shown (Dunn, 1974b)
that the normalized partition entropy defined as

H, (U, C) = H(U, C)/Q1 ——E‘) (16)

is a good indicator of partition efficiency. In fact, it was
suggested that the normalized partition entropy mini-
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mization corresponds to a maximization of the likeli-
hood that a given data set X may indeed contain C sub-
sets with homogeneous features. Therefore, the
indicator (16) will be used throughout to determine the
optimal number of prototypes whenever their number
is not defined a-priori.

5. A fuzzy classifier

It may be convenient to use the knowledge already
gained in partitioning a given set to classify more data
at a later time. This knowledge is in fact condensed in-
to the prototypes {V;li=1, ..., C} and can be used to
classify subsequent data without having to reprocess
the composite set. This can be done in a computatio-
nally economical way if a classifier is developed which
retains the information gained in the previous partition.

The problem is then the design of a classifier to as-
sign fuzzy memberships to a new entry Xy, ; on the
basis of the prior knowledge {Vili=1, ..., C}. Several
approaches have been proposed at this regard. Restric-
ting ourselves to non-Bayesian solution, Bezdek (1981)
reported a nearest-prototype classifier. In that case the
new point is unambiguously assigned to the cluster who-
se center is nearest to Xy, 1 according to the predefi-
ned norm (2). Thus, no fuzzy decision is involved and
a hard partition results, irrespective of how the proto-
types were generated. A different solution is proposed
here to classify one single new entry Xy, ;. The fuzzy
membership computation (13) can be used again to de-
termine the memberships of the new point, after the
distances between Xy, and each of the prototypes
Vi, [DIZ\HL iii=1, ..., C}, are determined. Contrary to
the iterative solution of section 3, now the prototypes
V; remain unchanged whereas eq. (13) is used again,
although in a slightly different from, to obtain the mem-
berships of the new point

Algorithm 2

UNs1, i = a7

[ Dnyp,i | 2/(m—1)

i=1 " Dnyy,j

Notice that condition (7), which now can be written as

C

)> untg,i = 1 (18)
i=1

implicitly holds because of the way in which (13), and
therefore (17), were derived. Thus eq. (17) is the requi-
red classifier yielding the fuzzy memberships {uy,
ii=1, ..., C} of the new entry Xy, ; with respect to the
set of predetermined prototypes {Vili=1, ..., C}. To de-
cide whether the new point Xy ; is worth including

in the existing basis of knowledge the partition entro-
py (15) still provides a guideline. If the new partition
determined from the extended basis {X U Xy,1]
yields a lower value for H,, (U, C) then the new point
XN +1 is considered enough representative to be inclu-
ded in the basis, otherwise the prototypes V,; are left
unchanged.

6. Fuzzy dendrograms

When ecological data are processed through hierar-
chical clusters, they are grouped according to a decrea-
sing similarity threshold and the results are often
presented as dendrograms. Such agglomerative techni-
ques are best suited for data which do not exhibit any
clear substructure. In this case partition clusters, as de-
scribed in sections 2 and 3, would be inappropriate and
dendrograms represent a better way to rank data asso-
ciations. Though in section 2 it was stated that hierar-
chical and divisive techniques may be viewed as
opposite approaches, Algorithm 1 of section 3 can be
used to produce fuzzy dendrograms which can be in-
terpreted much in the same way as deterministic den-
drograms produced with classical techniques.

When no underlying structure is apparent in the da-
ta set, i.e. when H,, (C) has its minimum for C=2, then
Algorithm 1 can be applied to the data with C=2 and
the resulting partition can be organized into a dendro-
gram with the following procedure:

Algorithm 3:

(1) Algorithm 1 is applied to the data set to produce two
fuzzy sets Uy, Uy, each contaning the memberships of
the N data to the two clusters.

(2) The elements of U;, Uy are sorted in terms of de-
creasing membership and only the element u; >0.5
are retained. Thus the reduced sets U{ and U$ are ob-
tained.

Uf [ul, 1>u2Y 1>u3, 1>...>UN1, 1} (19)

Uy [u1’2>u2,2>u3,2>...>uN2,2} (20)
with N;, Ng<N and u; {>0.5 vi, k.

The labelling order of (19) and (20) refers to the sorted
sets and not to the original point labels.

(3) Points are then aggregated within each cluster U}
and U$ in terms of their membership, i.e.

o (i, ) = MAX (uy, 5, up, ) (5 = 1, ..., Ny) (21)

o G, ) = MAX (u2, i u2,j) G,j=1, .., NZ) (22)
therefore the dendrogram represents the level of de-
creasing similarities within each cluster.

(4) The two clusters are joined at the least significant



Table 1. Prototypes for Fisher’s Iris data (Fisher 1936).

Sepal Sepal Petal Petal

Length Width Length Width

1. Setosa 50608 3.5904 1.4906 0.3103
1. Versicolor 58750 2.6263 4.1672  1.2709
1. Virginica 6.8024 2.9866 5.6776 2.1436

level, using the point with the least membership in both
clusters, thus completing the dendrogram.

The resulting graph connects couples of points in or-
der of decreasing similarity. Points with a high affinity
are aggregated first and more points are later joined as
the similarity threshold is progressively lowered. In this
context membership fuzziness plays a role similar to any
distance measure in classical dendrograms. However,
Algorithm 3 cannot yield non-monotonic dendrograms,
as may happen with centroid-based dendrograms (Pie-
lou, 1984) where centroid distances are used to aggre-
gate data. In the present case, instead, memberships
are used as the clustering criterion and being sorted in
decreasing order no threshold reversal is possible.

7. Ecological applications of fuzzy algorithms

The previous fuzzy algorithms are now applied to
ecological data sets to illustrate their usage and beha-
viour. The examples are organized to follow the expo-
sure covered in the previous sections.

7.1. Fisher’s Iris data

As a first application, consider the well-known Fi-
sher’s Iris data (Fisher, 1936) obtained by measuring the
length and width of petals and sepals of three Iris spe-
cies (I. Setosa, 1. Versicolor, I. Virginica). This data set,
already used by Bezdek (1981) in connection with fuz-
zy sets, will be used to demonstrate both fuzzy parti-
tion and classification algorithms (Algorithms 1 and 2).
A subset of 10 samples for each species out of the ori-
ginal set (encompassing 50 data for each species) were
sampled at random and processed with Algorithm 1
with C=3 and m=1.5. The resulting fuzzy partition was
fully consistent with Fisher’s species discrimination. In
fact all the data were placed in the correct cluster with
a membership greater than 0.9. The clusters appeared
to be well separated and the normalized partition en-
tropy was indeed minimal for C=3, thus indicating the

Table 2. Fisher’s Iris classification of new entries.
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biological consistency of the choice. Now, to demon-
strate the classifier of section 5, new samples extrac-
ted from the original Fisher’s set are classified with
respect to the prototypes resulting from the previous
partition and listed in Table 1. Three data, one for each
species were selected at random from Fisher’s original
data set and classified with the same exponent m=1.5,
obtaining the results of Table 2. It can be seen that all
the new entries are correctly recognized and placed into
the proper species set. Thus the information contained
in the prototypes is sufficient for correct classification
of subsequent homogeneous data.

7.2. Crop growth model parameters

A simplified crop growth model previously develo-
ped by the author is now considered. It consists of a
simple growth equation describing the evolution of crop
dry matter over time

LW (t) e St

W (t+h) = (23)

1+ W) et

where W (t) is the total dry matter per unit area at ti-
me t and h is the time interval between successive har-
vests. This model, whose derivation and properties are
described elsewhere (Marsili-Libelli 1985a) has three pa-
rameters {L, S, K} to adjust to various growth condi-
tions. In particular L is the growth rate, S is a stress
factor taking into account the aging mechanism which
impairs the reproductive capacity of the plant as its de-
velopment progresses, and K represents the carrying
capacity of the environment. These parameters can be
numerically estimated from crop data (Marili-Libelli
1985b). This section will pursue further the prelimina-
ry results of Marsili-Libelli (1986) in assessing the pos-
sibility that the parameters may be clustered by species
and/or cultivars thus enhancing their biological signi-
ficance. Moreover, since the carrying capacity K was
not found to be an essential clustering feature, in or-
der to simplify the analysis only L and S are conside-
red as cluster parameters. The model parameters of
Table 3 refer to two differing species, Barley and Soy-
bean, with the further complication that one Soybean
crop was intentionally defoliated to study the effect of
a defoliating pest. This pathological condition reflects
in the parameter values, particularly S which has an

Sepal Sepal Petal Petal Memberships

Length Width Length Width Setosa Versicolor Virginica
I. Setosa 5.1 3.8 1.9 0.4 0.9991 0.0001 0.0008
1. Versicolor 5.0 2.0 3.5 1.0 0.0246 0.9230 0.0524
I. Virginica 6.9 3.1 5.1 2.3 0.0004 0.9857 0.0139
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Table 3. Growth model parameters from Barley and Soybean crop data (Marsili-Libelli 1985b).

n Symbol Species L Sx103 (d—1)
1 (A) Barley c.v. Onice? 1.0615 0.8606
2 (A) Barley c.v. Onice? 1.0656 0.8119
3 (A) Barley c.v. Robur? 1.0620 1.2344
4 (A) Barley c.v. Robur? 1.0500 0.6011
5 (B) Soybeanb 1.1031 0.4742
6 (B) Soybean¢ 1.0975 0.4582
7 (B) Soybean® 1.1265 0.7080
8 ©) SoybeanP 1.0691 0.2026

Source: a) M. Odoardi, Ist. Sperimentale per la Cerealicoltura, Fiorenzuola (Italy), personal communication, 1984. b) Florida
(Quincy) experimental crop, (Ingram et al. 1981). ¢) Florida (Gainsville) experimental crop, (Wilkerson et al. 1983).

abnormally low value. Several numerical experiments
are now carried out on this data set which includes nor-
- mal as well as pathological data.

7.2.a Parameters clustering

First, a comparison is performed between the fuzzy
clustering procedure of section 3 and some well known
deterministic partitions, based on different distance
measuremetns. For these, the implementation provided
by STATGRAPHICS, a commercial statistical package,
were used. These procedures work in a hierarchical fa-
shion: given N points, N-1 clusters are formed and then
they are successively merged until the prescribed num-
ber of clusters is obtained. The aggregation depends on
the particular distance criterion being adopted. The fol-
lowing were selected: average, median, centroid, fur-

thest neighbor, nearest neighbor, and seeded. The first
five of these are the well-known hierarchical criteria
described for example in Pielou (1984). The last one is
a non-hierarchical deterministic method which seeks to
partition the data into a predetermined number of clu-
sters starting with an initial tentative partition (the
‘‘seed’’). Thus it closely resembles the fuzzy partition
algorithm of section 3, except for the lack of fuzzifi-
cation.

The L and S value obtained from these crops data
were processed with all these six methods and the re-
sults are shown in Fig. 1 where the symbol A refers to
Barley parameters, B to Soybean and C to defoliated
Soybean. Obviously two clusters were selected. With
deterministic procedures, it can be seen that the first
four methods (average, median, centroid, further neigh-

s AVERAGE ) MEDIAN s CENTROID
15 : : , 7 15 . . 3 15 g T
12 Pl 12 12 frogii b
09 [ pgioideid 09 09 H - ag

06 p\ i g 06 h\ ...... S

03 uﬂJ ......... Fd s o3 b

P T R N B 0

105 107 109 11 L L3

s FURTHEST s S
15 ey 15 5
12 | bt 2 | 12
0.9 09 0.9
0.6 0.6 f 0.6
0.3 03 |: : 03

0 0 B T I [P S e foeeis.s L id

105 107 109 11U L 113

0 i
105 107 109 in L1133

Fig. 1. Comparison of deterministic and fuzzy clustering of Soybean/Barley growth parameters. The five determini-
stic partitions were obtained through STATGRAFICS. (A = Barley, B = Soybean, C = Defoliated Soybean).



101

Table 4. Invertebrates counts in three riverbed communities (Orloci 1982).

Species Moss beds Cress beds Sandy beds

quadrat #: 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Tubellaria 2 5 4 3 2 0 0 0 3 3 0 0 1 0 2
Oligochaeta 1 1 0 1 1 27 25 19 23 25 26 32 30 35 29
Isopoda 68 44 61 53 50 8 28 10 15 9 5 1 5 3 4
Amphipoda 24 21 20 256 22 25 21 23 21 20 9 7 7 6 8

bor) associate the defoliated Soybean with Barley and
only the nearest neighbor and the seeded methods pro-
duce the correct clusters. In the latter case, though, the
result bears no indication that one Soybean data comes
from a pathological crop. Instead the fuzzy cluster is
capable of such an indication through its graded mem-
bership. In fact processing the same data with the fuz-
zy algorithm (with m=1.5) yields the results of Fig. 2,
in which the 0.9 and 0.5 fuzziness contours are shown.
The data falling within the 0.9 contour can be regar-
ded as surely belonging to that cluster, whereas the 0.5
boundary (obviously a straight line in a 2-cluster,
2-dimensional problem) should be regarded as the ma-
ximum uncertainty locus and is in fact the discrimina-
ting line between the two clusters. The defoliated
Soybean entry is clustered in a revealing way: though
being placed on the correct side of the boundary, it is
assigned a relatively lower membership value to signi-
fy that, though being recognized as a Soybean data, its
value is not typical of that species, thus acknowledging
its pathological nature.

7.2.b Prototype extraction.

Excluding the pathological Soybean parameters from
the data of Table 3, Algorithm 1 is again applied to ob-

Senescence (S)

Growth rate (L)

Fig. 2. Fuzzy clustering of crop growth model (22) para-
meters: growth rate (L) vs. senescence (S). The data from
Table 8 with m =1.5 are used and the loci of 0.9 and 0.5
membership are shown.

tain typical Barley and Soybean values to be used in
subsequent classification of unrelated data. Two well-
separated clusters were then obtained with the follo-
wing prototypes Vg = {L=1.0598 S=.7823} and Vg =
{L=1.0975 S=.5765}, where the subscripts S and B
stand for Soybean and Barley respectively. Now this
information is used for further classification, entering
the following data obtained from other sources: a nor-
mal Barley crop (Kershaw, 1973) and the previous de-
foliated Soybean crop (entry n. 8 of Table 3). New bar-
ley and soybean entries for classification:

0.6158
0.2026

il
I

Barley: L = 1.0559 S
Soybean: L = 1.0691 S =

Using the classifier (19) on these data with the given
prototypes yields the following memberships

0.0702
0.7633

il
I

Barley: Ug
Soybean: Ug

0.9298 Ug
0.2367 Ug

Il
I

Notice that in this case the membership of the defo-
liated Soybean is slightly lower than in the previous case
(Ug = 0.774), when it contributed to the determination
of the centroids. From these results, it can be conclu-
ded that the new Barley data {L, S} are grouped wi-
thin the Barley cluster with a very high degree of
membership, ¢.e. the algorithm recognizes these para-
meters as surely coming from a Barley crop. Converse-
ly, the defoliated Soybean is recognized as resembling
the known Soybean knowledge, but with a much lower
degree of confidence. The algorithm recognizes this new
set of parameters as fairly distant from the normal Soy-
bean data, but still loser to Soybean than to Barley.

7.3 Clustering of riverbed communities

The distribution of several invertebrates species in
three different stream bed habitats (Orloci 1982) is now
considered. In this case the data consist of species
counts in three different acquatic environments. Five
replicates for each habitat are reported in Table 4. To
generate the initial basis of knowledge all the availa-
ble quadrats were used with the exception of # 5, 10,
15. These will be used later to demonstrate the classi-
fier. With this basis the ordination procedure yields
three minimum-entropy, well separated clusters who-
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Table 5. Prototypes of riverbed communities obtained with
Algorithm 1 using data #1, 2, 3,4, 6,7, 8,9, 11, 12, 13,
14 of Table 4.

Tubellaria Oligochaeta Isopoda Amphipoda

Vy = {3.501 0.834 56.321 22.491)
Ve = {0.929 23.478 15.222 22.566)
Vg = {0.258 30.726 3.549 7.300}

se centers are reported in Table 5. In this case the pro-
totypes are defined in terms of the typical occurrence
of each of the four species for each given habitat. Sub-
sequent classification of the remaining quadrats #5,
#10, and # 15 yields the memberships of Table 6. It
can be see that these three quadrats are correctly clas-
. sified in the proper habitat on the basis of the existing
knowledge summarized in Table 5. By contrast, if all
the quadrats had been used to generate the three clu-
sters, the prototypes would have been those of Table
7, where the three quadrats #5, #10, # 15 would ha-
ve been correctly placed anyway (compare with Table
5).

Table 6. Memberships of new riverbed data using the pro-
totypes of Table 5.

New entry Moss beds Cress beds Sandy beds
Quadrat #5 (Moss): 0.9734 0.0231 0.0036
Quadrat #10 (Cress):  0.0429 0.8830 0.0740
Quadrat # 15 (Sand):  0.0054 0.0491 0.9455

7.4 Eutrophication discrimination

Eutrophication has long being considered a major
nuisance of water-bodies mainly triggered by phospho-
rus pollution. Generally the state of a water body with
respect to eutrophication falls in one of four categories:

Table 8. Eutrophication data.

Table 7. Prototybes obtained with the complete data set.

Tubellaria Oligochaeta Isopoda Amphipoda
vy = - {3.191 0.856 55.166 22.405}
Ve = {1.383 23.710 13.905 22.029}
Vg = {0.591 30.382 3.681 7.477}

Oligotrophic, Mesotrophic, Eutrophic and Ipertrophic,
according to the extent of pollution, which is assessed
through three main parameters: transparency (measu-
red with a Secchi disk), average annual phosphorus con-
centration (mg m_3) and average annual chlorophyll-a
concentration (mg m_3). Obviously there is no clear-
cut transition from one class to another and many in-
termediate situations may occur. This is therefore the
typical context in which fuzzy clustering can be suc-
cessfully applied. In this case the goal is to determine
the fuzzy sets describing the four main eutrophication
stages, and obtain the related prototypes which may
be used for independent classification of more data. The
data of Table 8 from OECD (Marchetti, 1987) were used,
spanning the whole range of the main three watch va-
riables. Clustering these data with C=4 and m=1.5
yields four well separated clusters, whose memberships
are plotted in Fig. 3 to show that the resulting profiles
are in fact pertinent to the observed transitions from
one stage to the next. In fact they compare well with
OECD probabilistic curves (Marcheti 1987). The deter-
mination of membership functions through Algorithm
1 can be regarded as a substitute for the empirical mem-
bership function determination describing the relation
between a fuzzy set and its support (Zimmerman 1985).
Furthermore, the prototypes listed in Table 9 were al-
so obtained. These values can be considered as typical
of each eutrophication stage and can be used to assess
the degree of eutrophication of new samples.

Sample Chlorophyll-a (mg m—3) Phosphorus (mg m—3) Transparency (m)
1 0.5 1.0 ’ 20
2 1.0 2.5 15
3 2.5 5.0 10
4 5.0 7.5 9
5 10 10 8
6 20 12.5 7
7 30 25 6
8 40 50 5
9 50 75 4

10 60 100 3

11 70 110 2

12 80 125 1.5

13 90 150 1

14 100 300 .75

15 110 500 5

16 120 1000 .25
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Fig. 3. Fuzzy membership functions for the eutrophication classes, generated with Algorithm 1, plotted versus set

supports. a) - Chlorophyll-a; b) - Phosphorus; c) - Transparency.
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Table 9. Prototypes of the eutrophication stages.

Stage Chlorophyll-a (mg m—3) Phosphorus (mg m—3) Transparency (m)
Oligotrophic 0.745 1.735 17.55
Mesotrophic 8.512 8.481 8.63
Eutrophic 42.325 56.201 4.76
Ipertrophic 93.750 354.827 1.073
Fuzzy Membership
1 Hn 57 ) o
m=1.5 Hn=0.179’75
.8 6]
.6
.4
.2
e
2 3 4 5 6 7 8 9 18 10 11 17 14 1312 1516 6 7 9 8 18 1 4 2 20 3 19 5

Number of Clusters

Fig. 4. Normalized partition entropy of the fuzzy clusters
(m = 1.5) obtained from the data from Lagonegro and Feo-
li (1985).

7.5 Fuzzy dendrogram of soil data

As an example of Algorithm 3 described in section
6 a fuzzy dendrogram is generated from a group of soils
from a mountain area in North-East Italy (Lagonegro
and Feoli 1985) characterized through chemical and me-
teorological parameters. The raw data are reported in
Table 10. They comprise twenty samples, each encom-
passing eight different parameters, such as moisture,
pH, nutrient content, humus, texture, sunlight expo-
sure, temperature and thermal excursion. Applying Al-
gorithm 1 to this data set does not result in any
significant partition for any C greater than 2, as the in-
creasing partition entropy of Fig. 4 shows. Thus den-
drograms can be used to show the progressive aggre-
gation of points. Figs. 5 and 6 compare the conventio-
nal and fuzzy dendrograms. It can be seen that in both

F?Hr%JWLﬁlﬂrLﬁ“l

1 2 5 4 3 19 20 6 9 7?7 8 18 10 11 12 18 17 13 14 15

Fig. 5. Deterministic dendrograms of the soil samples of
Table 8 (redrawn from Lagonegro and Feoli 1985).

Data Points

Fig. 6. Fuzzy dendrogram of the soil samples of Table 8
with fuzziness m=1.5.

cases samples {1, 2, 3, 4, 5, 19, 20} reveal strong simi-
larities, since they are aggregated at a low threshold
level in the deterministic case (Fig. 5) or with a nearly-
one membership in the fuzzy case (Fig. 6). Another
group, formed by samples {10, 11, 12, 13, 14, 15, 16,
17} also show a definite affinity, whereas in both ca-
ses points {8, 9, 18} are aggregated at the highest le-
vel. It can be seen that both approaches yield similar
conclusion, with the advantage of a much smaller com-
putational burden for the fuzzy approach.

8. Conclusion

This paper has presented a clustering approach ba-
sed on fuzzy sets, which is deemed suitable for proces-
sing ecological data in which intermingling of
underlaying structures is often impossible to discern
using conventional clustering algorithms. Three algo-
rithms were illustrated to perform ordination (Algo-
rithm 1), classification (Algorithm 2) and fuzzy
dendrogram generation (Algorithm 3) based on fuzzy
concepts. The first algorithm generates a matrix of fuzzy
memberships from the original data and produces re-
presentative prototypes. These can be used later to clas-
sify any subsequent data of the same type. Algorithm
2 performs this task. Finally, the generation of fuzzy
dendrograms (Algorithm 3) is presented.

The main advantages of the fuzzy approach over con-
ventional clusters are the computational simplicity and
the ability to yield a graded membership of data. The-
se features are particularly appropriate when dealing
with ecological data, as shown with several ecological
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Sample M pH N H D L T C
1 1.76 3.84 2.28 2.90 3.12 3.06 4.71 2.60
2 2.07 3.72 2.55 3.10 2.95 2.98 4.46 2.70
3 1.90 3.91 2.22 2.94 2.81 3.16 4.02 3.25
4 2.30 3.57 2.46 3.10 3.37 2.96 4.16 2.85
5 1.96 3.68 2.32 3.07 3.17 3.05 4.29 2.95
6 2.45 3.42 2.54 3.27 3.49 2.82 3.89 2.84
7 2.44 3.20 2.45 3.28 3.54 2.89 3.77 2.83
8 2.34 3.60 2.45 3.28 3.32 2.83 3.84 3.04
9 2.47 3.52 2.54 3.26 3.53 2.80 3.78 2.90

10 2.61 3.33 2.62 3.37 3.58 2.66 3.73 2.84

11 2.69 3.38 2.69 3.38 3.61 2.65 3.87 2.67

12 2.64 3.10 2.62 3.39 3.63 2.66 3.77 2.65

13 2.77 3.43 2.87 3.44 3.68 2.46 3.80 2.60

14 2.82 3.32 2.91 3.46 3.66 2.41 3.64 2.68

15 2.92 3.37 3.01 3.46 3.57 2.35 3.64 2.70

16 2.65 3.60 2.64 3.32 3.45 2.72 3.51 2.94

17 2.68 3.41 2.73 3.40 3.49 2.53 3.50 2.87

18 2.40 3.64 2.63 3.21 3.25 2.86 3.58 3.09

19 2.13 3.56 2.27 3.05 3.04 3.06 3.71 3.19

20 2.03 3.68 2.19 2.99 2.83 3.17 3.62 3.24

Symbols: M = Moisture; pH = soil pH; N = Nutrients; H = Humus; D = Texture; L. = Light; T = Temperature; C = Thermal

excursion.

examples presented in section 7 to demonstrate the al-
gorithms,
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