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A GAME THEORY MODEL FOR FOOD WEBS:
TIME DEPENDENCE IN A PREDATOR/PREY SYSTEM'

C. Di Pasquale, Instituto de Matemadtica Aplicada, Universidad Nacional de San Luis, Ejército de los Andes 950, 5700 San Luis, Argentina
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- Abstract. A model of an ecological niche is described in which different populations of organisms with
trophic interactions involving predator/prey encounters are examined using the notions of food webs and
game theory. The reality that species and links are dynamic and change with time is considered. Game
theoretical tools are applied to the changing food web structure, where the different ‘‘players’ are the
competing predator populations. Total competition is given by means of payoff functions. The total con-
sumption of the predators, and the biomasses of all prey, are used in the given strategy set. A concept
of nucleolar solution is defined which takes into account variation in time. A real predator/prey system
is examined and the results of the model are interpreted in ecosystem management terms.

1. Introduction

Models of ecological communities have been consi-
dered and developed using the structure of food webs
in several publications (e.g. Cohen 1978, Pimm 1982,
Post and Piram 1983, Roberts 1976 and Sugihara 1982,
1983). In this paper I develop a mathematical model that
describes the dynamics of food webs using tools of ga-
me theory, and find equilibrium values for a commu-
nity changing through time. In two previous studies (Di
Pasquale 1984, 1987) I presented a model for food webs
utilizing a static theory, in which the solution was mo-
dified for competitive normal games: the nucleolar so-
lution. In this paper, this concept is studied again
considering that the web structure changes in time.
Thus, trophic interactions involving predator/prey en-
counters and competition will be studied considering
time dependence. The model is also applied to a food
web based on real observations of a community to
search for equilibrium values for the whole ecosystem
and period of study.

2. Model Description

I consider here consumer populations as if they we-
re rational players ‘‘choosing’’ their strategies. That is
to say, in terms of game theory the different ‘‘players’’
are the competing predator populations within the eco-
system. The competition here is for food, although the
model could easily be modified to consider disputes over
territories or other environmental resources. Popula-
tions of organisms (which are the ‘‘players” in this mo-
del) can feed according to any option presented in the
strategy set. A strategy is simply one element of a set
of possible alternatives, restricted by environmental
conditions, that could be chosen by individuals of the

populations. These alternatives are related to the bio-
mass of prey species consumed by predators and to the
different discrete times.

Biomass values of all prey species are considered to
be comparable, so that they can be added. In the follow-
ing, this assumption is used in introducing the tempo-
ral weighted food web matrix. Mathematically a stra-
tegy is given by a temporal weighted food web matrix.
This is a matrix whose columns correspond to the set
of resources or prey in the system, and whose rows cor-
respond to the set of consumers populations. The ele-
ments are given by the biomass of the resources used
by the consumers for a given time interval. For the first
period of time the temporal weighted food web matrix is

k n
1

1 1_.1 1. .
where XijZOv.EIXiiSXh.El x=yj i=1, ..., n, i=1,
* i= h i

.o Kk, x,ﬁ is what population i consumes of j at time 1,
thus xilj >0 if and only if i feeds upon j in the food web
R;. I={1,...,n} is the set of predators or, in terms of
game theory, the set of “‘players’”. J=1{1, ..., k} is the
set of prey populations. le is the maximum consump-
tion of a population i, given in grams of flesh (carnivo-
res) or dry material of biomass (herbivores).

Since the number of organisms belonging to each
prey population is bounded, I consider another restric-
tion: that predator can not consume more organisms in

1 Paper presented at the 2nd CETA International Workshop on Mathematical Community Ecology, Gorizia, Italy; 19-25 No-

vember 1988.
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the field than are available (no more than yjl, which re-
presents the weight of all organisms belonging to po-

pulation j). Thus, we use the same measure for both xil

and Yj-

"The strategy set, called Xg, for the first time inter-
val, is the set of all temporal weighted food web matri-
ces. Since some species and links of webs may change
through time, while others remain invariant, there will
be a sort of dependence among the different periods
of time. It is therefore natural to consider that the stra-
tegy set for a food web in a determined period depends
on the strategies given at the precedent periods. This
idea will be now incorporated by our model.

The time we consider here is discrete, represented

by t=1, ..., £+1. Analogously, we can define as before
the strategy set at time w+1 as follows, with
w=1, ..., {. If at time w the option x" was ‘‘chosen”’

the set XRW+1 (x™) of options or strategies for players
(predators) at time w+ 1 is given as the set of all matri-

ces x" ! of the form

w+1 w+1
11 e 1k
Xw+-1 -
.w+1 .W+1
an ..... Xnk J

with x;;" *120, x>0 if and only if i feeds upon j
in food web Ry, , 1, i=1, ..., n, j=1, ..., k. These are fur-
ther specified by

k
El X" " Lo x") =x% n-m-M; (x™)—BY + D"
-

n
1 , , ,
ig xijw” =y &)=y 0w -M (xX)-B +

+D}

where:

niw : grams of food consumed by the organisms
of population i born in the period w.

miw : grams of food that would be consumed by
the organisms of population i which died
in the period w.

M, (x¥) : grams of food that would be consumed by

the organisms of population i which have
fallen prey to predators at time w if the
strategy x" was chosen.

B : grams that the individuals of population i
would eat, which have fallen into a dor-
mant stage.

Dy : grams of food that the organisms of popu-
lation i consume which have returned from
a lethargy or dormancy stage.

n’j : weight of individuals of population j born
: in the period w, given in grams.

m’jw : weight of individuals of population j which
died in the period w, given in grams.

M’J- (xV) : weight of organisms of population j consu-
med by predators when strategy x" was
chosen.

B’}” : weight of individuals which have fallen in-
to a dormant stage.

Dy : weight of organisms which have returned

from a dormant stage.

A niche overlap graph is formed for each time inter-
val with predators iel. Here wheneveri’, i’’ el (the ver-
tices) overlap with respect to at least one resource, an
edge is drawn between them. A connected component
of the graph will be a subgraph formed with all verti-
ces linked through edges. Benefit or utility for each con-
sumer is represented by means of its payoff function,
which depends both on its own strategy and on the stra-
tegies of the other players. The payoff function of a po-
pulation i is called A;.

3. Concept of Solution

The main goal will now be to define a concept of so-
lution for the whole period of study. Intuitively this con-
cept gives the best options among the worst possibilities
presented, as related to the biomass of all prey popula-
tions. These ‘‘best trophic positions’’ will be found by
comparing payoff functions for each time in the ecolo-
gical system. I use a type of nucleolus introduced by
Schmeidler (1969), for cooperative games, but modified
in my case for the competitive normal games in every
period of time. Without considering variations through
time, this concept has been used in Di Pasquale and
Marchi (1982, 1989) and Di Pasquale (1984, 1987).

Given an element x% eXRw, we order the payoff va-
lues A; (xV) with iel, so that they are nondecreasing.
That is to say, with iy, ..., i, all the elements of I, we
order:

Ay E=<....= A ="

With these ordered numbers we obtain a vector
8 (xV). Similarly, given an element x’¥ eXp_ a vector
6 (x’*) is formed by ordering the values A; (x’%) with
iel as before. At this point payoff functions are arbitra-
ry; specific functions will be defined later.

Compare the first component of 9 (x") with the first
component of § (x’%), the second component of 8 (x")
with the second component of 8 (x’%), and so on. Then
say that x* dominates x’¥ and write x” >x’%, if the
first component of 6 (x") different from the correspon-
ding component of 8 (x’%) is strictly greater. The nota-



tion x" ~x’" means that all the corresponding compo-
nents of the two vectors are equal. Similarly define
szx’/w.

. We say that x" eXR is a nucleolar. solution if
x"=zx"¥ for each x’ XRW The set of nucleolar solu-
tions is called N (XRW).

The solution we have just defined is a static solution,
since it does not consider variations with time. To ob-
tain a nucleolar solution which is dependent on time,
the solutions obtained in preceding periods should be
described. Such a solution will be the temporal nucleo-
lar solution, defined as follows:

We say that

€ XRI X . XXRe+1

is tempbral nucleolar solution if and only if
X} 412X g+1 foreachx’y . eXg, x..xXg, . This
means !

1

xleXRl, x'zx! for each x’leXRl

XZGXR2 (X,l), x>zx’? for each x’zeXR:2 (xl)

L?+1

Xg,,, ), X '=xt*! for each

NESY (4
X' X, (&)

That is, every component of the vector that repre-
sents the temporal nucleolar solution is solution in the
corresponding period. They are linked such that the so-
lution in a determined period follows from solutions in
the preceding periods.

4. Construction of Payoff Functions

As we have seen in Section 2 the matrices x" are
formed from elements xi‘}’ which are zero in the case
where i does not consume j in the food web Ry,. If i
feeds upon j, x{}' is strictly greater than zero. That is,
we assume that the predator i captures at least one prey
organism j in the period w. This idea is used in defining
the payoffs and finding the corresponding solutions.
Thus, the next step is to give a characterization of the
payoff functions that represent the ‘‘benefit’’ for each
species after choosing their strategies. We will write
them for Xg_ | MY w=1, ..., § Xg, can be given in
a similar way by replacing the mentxoned sets by XR
Let A;: XR (x“)—* R be a continuous function, Whe—
re Ris the %et of real numbers. This function is defined
such that:
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(4. 1) For each cluster point x™ ! of Xy (x ) such
that x*" X 1 (x%), there exist points x cXR
(x™) such thatA &V H=A; (x"*1). A, has also the fol-
lowing property

(4.2). We say that A; has Property B) if for each
XV x WX (™) such that A; (xVTh<A

VY, it is Ay VT h=A xV T (1-x Y <A
"+ for all 0<\<1.

Notice that this property generates functions that are
more general than the linear functions commonly used.

Intuitively the cluster points are those for which, i
being a predator of j, Xijw+1 =0. Since Xg | (x")is not
compact I propose these payoffs in order to avgid the
problem of finding solutions in cluster points that do
not belong to this set . Indeed, with the condition (4.1)
I will be able to show the existence of nucleolar solu-
tions, given that functions have Property B), formally
stated and proved in Theorem 4.1 of the Appendix.

5. Characterizing Nucleolar Solutions

In the previous section we found conditions that se-
cure the existence of nucleolar solutions at each time
interval. Since we also need to know how to find these
elements exactly, our first aim here will be to give a
characterization for such solutions. Our second aim will
be to determine when the solutions obtained at each
time interval form the temporal nucleolar solution for
the entire period of the study. First, let us examine
them from an intuitive point of view. In Theorem 5.1
in the Appendix, I present a simple way of finding nu-
cleolar solutions at each time interval, under certain
assumptions. The computations are reduced to deter-
mining the points that are the maximum of all payoff
functions. Corollary 5.2 (also in the Appendix) demon-
strates when they are temporal nucleolar solutions. The
Theorems I have mentioned, as well as the corollary,
will be necessary in order to develop the example in
the next section.

6. An Example

The ecosystem studied is situated in Potrero de los
Funes, San Luis province, Argentina. The analysis was
undertaken in a 500 ha area and only the most impor-
tant predator/prey species populations in the region we-
re considered. The study is particularly interesting since
this area will soon be used for cattle. Thus, my aim he-
re is to study the species interacting in the area with
the structure of food webs changing through time. With
these groups of organisms an actual food web was con-
structed, where the arrows point from the populations
eaten to the populations that eat them. In this work the
period of the study was eight months. This period was
subdivided into two time intervals depending on when
the most important changes in the populations occur
(births, deaths, biological cycles etc.). The first time in-
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Fig. 1. The food web graph R of a community in San Luis.
Numbers 1 to 8 identify populations given in the text.

terval was established from November to February, and
the second one from March to June. Most of the data
on consumption (values of x{') and weights (values of
ij) needed in order to apply the model were obtained
in the study area using standard statistical sampling me-
thods. For observations that were impossible to carry
out in the study place, data obtained in similar areas
judged to be close estimates of the real ones were used.

I begin analysing the community at the first time in-
terval considered. Let the set of predators be

I=1{1,2 34,567}
and the set of resources or prey,
J = 1{5,6,7, 8}

where the numbers correspond to the following popu-
lations:
1. chimangos (Milavo chimango)
2. pirinchos (Guira guira)
3. aguiluchos comunes (Buteo polyosoma)
4. foxe (Dusicyon griseus)
5. grasshoppers (Dichroplus sp.)
6. mice (Acodon sp.)
7. vizcacha (Lagostomus maximus maximus)
8. pasture
The food web Ry observed is shown in Fig. 1.
The set XR1 of options or strategies for players (pre-
dators) corresponding to this food web comprises all
temporal weighted food web matrices x' of the form

X15 xlg 0 0
xég xés 0 0
1 1 1

X35 X36 X37 0
x' = 0 Xig x}u 0
1
0 0 0 X58
1
0 0 0 Xp8
1

L 0 0 0 X78 ]

1ol 1 o1 1 o1 o1 1 o1l
such that Xi5, X6, X25, X26, X35, X36, X37, X46, X47, X58

xég, x%8 are strictly greater than zero and
Xis+x16=180,000
Xi5+ X5 < 60,000

Xi5+ X3+ X47 90,000

Xig+ X7 = 360,000

Xig <48,000,000; x4 <960,000;
Xbg < 6,480,000

X154 X35 + X35 30,000,000
X]6+Xpg+Xag+ X465 = 80,000
X3y + %47 = 1,350,000
Xig+Xag+Xig < 106,849,315

The data are given in grams of dry biomass for her-
bivores and in grams of flesh for carnivores. Thus, the
numbers in the first six lines should be interpreted as
the maximum consumption of predators during the first
time interval. The last four numbers given represent
the resources existing in the area given in grams of food
or dry material of biomass.

The benefit or utility for predators derived from
“‘choosing’’ their strategies can be determined by means
of payoff functions. I will construct these functions in
a simple way. Nevertheless, they could be given and
interpreted in another more complex and perhaps mo-
re realistic manner. The payoffs are defined below using
the data on the maximum consumption of the consu-
mers and the data of biomass of each prey. The payoff
corresponding to population 1 (chimangos) is given by

1 11 11 o1

Ay (x)=81 (x15, X16)+ 115 (Xi5, Xg5, X35)+
111 11 1

+f16 (X16, X26, X3¢, X46)+f17 (X37, Xa7)—L15 (Xi5)—
1

—Lis (X16)

where the consumption function g; is defined as

3+480  if xj5+x}g=3+80
g1 (X135, X16)=

x15+x%6 in other cases

Thus, g is a linear function that takes the maximum
value when consumer 1 is completely sated and the mi-
nimum value when it captures at least one grasshop-
per whose weight is 3 grams and one mouse whose
weight is 80 grams, according to the arguments given
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Fig. 2. The niche overlap graph of the community in San
Luis. Numbers identify populations given in the text.

in Section 4. The competition functions are given, tak-
ing into account the resources shared by the popula-
tions belonging to the first connected component, as re-
presented in Fig. 2. In this case the prey species are 5,
6 and 7. In this example the competition functions will
be given with the same coefficients in the terms Xjj for
various i. The competition function based on popula-
tion 5 (grasshoppers) is defined as

3+3+3 ifx§5+x§5+x§5s3+3+3
1.1 Ul
fi5 (X135, X25, X35)=

1.1 1.
X]5+ X35 +Xg5 in other cases

/
Again 3 is one grasshopper’s weight. The competition
functions {4 and f;; are similarly defined, considering
in these cases the corresponding weights of individuals
6 and 7. L5 and L;4 represent the damage caused to
the ecosystem by the resources of population 1.

The first damage function L5 is defined as a nonin-
creasing linear function that in the first interval takes
its maximum value given by the biomass of grasshop-
pers (30,000,000 grams), and decreases to zero. Thus,
this continuous function is

30,000,000 0<xlz<3

39,000,000 (xi15—179,400) )
< le) =<
179,397

Lys (X15) =

=<180,000—600

0 180,000—600 <x}5<

<min (x}, y£)=180,000

where 3 and 600 (the weight of 200 grasshoppers) are
the values I use to divide the interval and give sections
where the function is defined as a constant, or intuiti-
vely where the damage caused by a grasshopper pla-
gue is assumed to be the same. L g is similarly written,
with the biomass of mice. The payoffs of 2, 3 and 4 cor-
responding to the first connected component can be gi-
ven in a similar way. Consider now the second
connected component. Since 5, 6 and 7 feed upon only
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one resource (pasture), and there is enough for the three
populations to eat, their payoffs are simply defined as
nondecreasing linear functions which attain their ma-
ximum values when the population is completely sated.
Notice that all the payoffs I have just defined are par-
ticular cases of those defined in Section 4. Theorem 4.1
demonstrates that nucleolar solutions exist, and by
Theorem 5.1 it was found that the nucleolar solution
at time 1 is the maximum point xleXR1 such that

x15=179,400 x16=600

Xb5=59,400 X35=600

x5 =30,000 X36=15,000  x3;= 45,000
X36=4,500 X}7=355,500

xtg=48,000,000  xjg=960,000  xig—6,480,000

As aresult, we can see that if the nucleolar solution
is attained for the ecosystem in the first time interval,
the population of vizcachas would be reduced by its pre-
dators by 29.7%, a percentage obtained from the solu-
tion knowing the total biomass of vizcachas and the
consumption of its predators. In the case of grasshop-
pers (which is considered a plague by the locals), the
population would be reduced by only about 1% by its
predators, using a calculation similar to the vizcachas
case. Therefore the results obtained may be used to esti-
mate the percentage of population that should be re-
duced by human control, or the number of predators
which must be added to the area to counteract the
plague.

Once the nucleolar solution is obtained for the first
time interval, the populations in the area in the second
time interval are reported. Here, the food web R, ob-
tained at this time is the same web as that constructed
for the first time interval (Fig. 1). Hence, the niche over-
lap graph is the same (Fig. 2). Knowing that the option
x~ given previously was chosen, we may now obtain
the set of possibilities at the second time interval
XR2 (xl) that depends on it. For these we need first so-
me calculations. I estimated the differences between
births and deaths for each population in the first time
interval, and calculated the values M; (x!) and M’ xH,
according to the definition of XR2 (xl) given at the end

of Section 2. Notice that M; (X1)=M2 (x1)=M3 (XI):
M,y (x1)=0 because populations 1, 2, 3 and 4 are pre-
dators, not prey. The set XR2 (xl) corresponding to the
second period may now be obtained. It comprises all
weighted food web matrices x> of the form
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Xi5 xi6 0 0
X§5 Xgﬁ 0 0
2 2 2
X35 X3¢ X37 0
x> = 0 xzﬁ x§7 0
2
0 0 0 X58
2
0 0 0 X68
) 0 0 xZg |

. W2 L2 2 2 2 2 2 2 2 9
5121011 tzhdt X15, X16, X25, X26, X35, X36, X37, X46, X47, X58,
Xgg, X7g, are strictly greater than zero, and further:

Xo5+X76.=210,000 25+ X35+ X0 < 14,731,200

X35+ X56.< 66,000 X3+ Xa + Xag + X6 < 59,380

X35+ X536+ X57<99,000 x5 +x57<1,179,000

X6+ X47=<360,000 24+ x2g + X2 <51,409,315

X2 =23,569,920; X33 <712,560; X34 <5,659,200

The payoff functions for predators can now be de-
termined as before, taking into account that in the se-
cond time interval, the data on consumption and weight
have changed. The reasoning we followed to construct
the payoffs for the first time interval is the same, con-
squently, the payoff functions we have just considered
are particular cases of those defined in Section 4. By
Theorem 4.1 the existence of solutions is secured.

Using Theorem 5.1 we may write the set of nucleo-
lar solutions, calculating the maximum points of all
payoff functions. From this theorem it follows that
N (XR2 (xl)) comprises the unique xzeXR2 (Xl) such that

x25=209,400 X2 =600

X35 = 65,400 X356 =600

X35 = 39,000 x36=6,000 x37=54,000

x36=4,500 X37 = 355,500

X2~ 23,569,920  x3g-712,560  x3¢—5,659,200
From an intuitive point of view this solution identi-
fies the best strategy, or possibility, that can occur in
the field, related to predator consumption in the second
time interval, knowing that x! was the best option in

the first interval. For the solution xz, and using calcu-

lations similar to those used in the first time interval,
the population of vizcachas would be reduced by its pre-
dators by 34.7% and the grasshoppers by 2.1%. These
results can be useful in making managemental decisions.
Finally, by Corollary 5.2, we know that (xl, X2) forms
a temporal nucleolar solution for the whole period of
study.

7. Discussion

A mathematical model is presented to describe the
predator/prey dynamics of an ecological niche in we-
stern Argentina. The species of the ecosystem we stu-
died in a given time interval, and the set of strategies
XR1 were obtained using standard methods. The payoff
functions were determined in a way related to the eco-
system in order to render the results maximally re-
levant.

Nucleolar solutions were obtained which can guide
human intervention in permitting the individuals of the
populations to attain their ‘‘best positions’’ or the ‘‘most
adequate distribution of food’’. For example, one may
capture and relocate individuals of some populations,
or introduce more individuals of other populations. The
model registers such interferences as ‘‘deaths’ or
“births’’, in the second time interval in the construc-
tion of the strategy sets depending on the solutions ob-
tained in the first time interval. The procedure
explained above for the first time interval is followed
for the second interval, and indeed for all the time in-
tervals one is interested in. With the model being ca-
pable of responding to interference, I feel it will be
useful in decision making that affect natural relations
among populations of an area. Indeed, the model should
help solving the ecological and biological probleras that
consider interactions among species in predator/prey
systems.

Acknowledgements. I would like to thank Joel E. Cohen for
several helpful suggestions on the original manuscript and to
Laszl6 Orléci for revision and comments on the work.

REFERENCES

Borisov, J., D. LoPEz and C. Diaz. 1981. Caracteristicas trofi-
cas de tucuras y estudio del ciclo biolégico. Imprenta Ofi-
cial Gobierno de San Luis (publisher) Publicacion de la
Direccion Provincial de Agricultura de San Luis, Argenti-
na, pp. 1-18.

CoHEN, J.E. 1978. Food webs and niche space. Princeton Uni-
versity Press, Princeton.

D1 PAsSQUALE, C. 1984. Andlisis del nicho ecolégico. Doctoral
Thesis. Universidad Nacional de San Luis, Argentina.

D1 PASQUALE, C. 1987. Analysis of an ecological niche. Mathe-
matical Biosciences 87: 1-15.

D1 PasqQuALE, C. and E. MarcHI, 1982. The niche space and the
nucleolar solution of a game. Asociaciéon Latinoamericana
de Biomatematica (ed.). Proceedings of First International
Congress of Biomathematics, Tucumén, Argentina, pp.



122-132.

D1 PAsQuALE, C. and E. MARcHI. 1989. A mathematical model
for competition among populations of organisms. Modelling,
Simulation & Control, C, AMSE Press, 17: 37-56.

MAYNARD SMITH, J. 1982. Evolution and the Theory of Games.
Cambridge University Press.

PmvM, S.L. 1982. Food webs. Chapman and Hall, London.

Post, W.M. and S.L. PimM. 1983. Community assembly and
food web stability. Mathematical Biosciences 64: 169-192.

RoBERTS, F.S. 1976. Discrete Mathematical Models, with ap-
plications to Social, Biological and Environmental Pro-
blems. Prentice-Hall, Englewood Cliffs, N.J..

SCHMEIDLER, D. 1969. The nucleolus of a characteristic func-
tion game. SIAM J. Appl. Math. 17: 1163-1170.

SuGiHARA, G. 1982. Niche Hierarchy: Structure, Organization,
and Assembly in Natural Communities. Ph. D. Disserta-
tion, Princeton University.

SuGiHARA, G. 1983. Graph theory, homology and food webs.
In: S. Levin (ed.), American Mathematical Society Short
Course in Population Biology, Proc. Symp. Appl. Math. 30:
83-101.

Appendix

The mathematical results mentioned in Sections 4,
5, and used in the example, are formally stated and pro-
ved in this section. Analogously to the way we will gi-
ve Theorem 4.1, replacing Xg_ , , ") by Xg, can be
used to obtain the existence of nucleolar solutions at
time 1.

Theorem 4.1:

If payoff functions are defined as in (4.1) and have
Property B), defined in (4.2) then the set of nucleolar
solutions N (XRW+1 (x™)) at time w+1 is nonempty.

Proof: The condition (4.1) secures that for each A;
there exists XWHEXRwH (x") such that A; (x" )=
A x’"*1 for each X’w+1€XRw+l (x™), that is x" ! is
a maximum point of A; that belongs to Xg | (x™). Let
(A1) 0™ = (A 7, -, Ay )= (0 VY,
. Oy v 1)) a vector whose components are the
payoff values arranged in nondecreasing order as was
explained in Section 3. The functions §; (x" *1) iel are
continuous, since payoff functions are defined conti-
nuous. Let CO=XRW+1 ")

C'= (x"*1eC™! such that ; (x"*1)=6, x’"*!) for
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each x’V " leCi! } fori=1,...,n. These sets are nonemp-
ty since by definition of payoff functions, condition
(4.1) and (4.2) there exists maximum in every set. Ob-
viously C"=N (Xg ., (x"))# O and the existence of
nucleolar solutions at time w+ 1 is shown.

The following Theorem can also be shown replacing
Xg,,,, ") by Xg,.

Theorem 5.1:

If there is an element x" ' leXp (x™) such that

w+1
Ail(xW”)zAil(x’W”) for each X’W*IEXRW L&Y
(A.2) :
Ay (X7 hH= Ay (M 1 for each x’™* IEXRW, &™)

where 6 (xw”)=(Ai1 " h,.., A x¥*1Y) is a vector
defined as in (A.1), then x" " 'eN (Xg, , (x™)).

Proof: Let 6 (x™" " H)=(A; x™*h),., A) ¥ ) a
vector formed similar to the vector 8 (x* ). By hypo-
thesis and the definition fo 8 (x'¥ 1) we obtain

Ay ThzAL VD= A D,

If Ay (XWH)>AJ-1 VY then xV 1> W+l

If Ay (XWH):AJ-1 x""*1), we study the second com-
ponents of the two vectors. Similarly to the first com-
ponents, by hypotesis and the definition of 6 (x‘w”)
we have ;

Aig (Xw+ l)ZAiz (X,w+1)2A32 (X’WH).

If A, (X“’“)>Aj2 &1 then x¥*1>x"*1

In other cases, and using the same reasoning, we can
study the third components and so on. Thus, it can be
shown that x" "= x""*! for each X,w+16XR“’+1 (x"),
then x" " 1eN(Xg  , (x™).

Corollary 5.2:

Let xleXRl, XV"“Lle_:XRW+1 (x™) for w=1,...,¢, be ele-

ments for which the condition (A.2) holds, then
(xl,...,xul) is a temporal nucleolar solution.

Proof: Trivial from the hypotheses, Theorem 5.1 and
the definition of temporal nucleolar solution given in

Section 3.
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