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vironmental factors.

Abstract. The horse-shoe effect, that results when linear analysis methods are used with nonlinear rela-
tionships between species and environmental factors, is considered. Limits of the classical eigenmethod
are examined and their use is suggested for exploratory purposes. The affine space model, that underlies
eigenmethods, is considered unsuitable for indirect gradient analysis and a better mathematical model is
suggested, based on generalised co-ordinates. The technical difficulties of this approach are considered.
Suggestions are made to investigate experimentally the actual relationships of characteristic species to en-

Introduction

The analysis of ecological data usually deals with ma-
trices containing, for each sampled relevé, either spe-
cies abundance or presence/absence, ecological
measures or some combination of these. The aims of the
analysis are both classification of relevés, in order to
arrange them according to a syntaxonomy, already
known or yet to be defined, and ordination along eco-
logical gradients, considered causal for g-diversity
{Whittaker 1967).

The increasing diffusion of data analytical methods
in conjunction with the spread of modern computing
equipment, which made easier data analysis through
well-known statistical methods (see, e.g., Dagnelie 1965
a, b, Goodall 1970), raised questions about the adequa-
¢y of these methods in applications to ecological data.
The initial ordination methods introduced in the 1950’s
were principal components analysis (PCA) (Goodall,
1954), an eigenmethod, and Bray and Curtis (1957) or-
dination (BCO), an ordering of relevés on a probable
ecological gradient, through a very simple algorithm.
These methods represent a first approximation to indi-
rect gradient analysis (Whittaker, 1967), PCA more ana-
lytical and BCO more intuitive. Unfortunately, indirect
gradient analysis, performed with eigenanalysis tools,
such as a PCA, proved to be inadequate, because the
underlying mathematical model does not fit the actual
species/environmental factor relationships. The reco-
gnition of this inadequacy led to comparative studies
(e.g., Austin and Orléci 1966, Orléci 1966, van der Maa-
rel 1969, Austin and Noy-Meir 1971, Gauch and Whit-
taker 1972, Kessel and Whittaker 1976, Austin 1976b,
Gauch, Whittaker and Wentworth 1977), in order to dis-
cover which method, PCA or BCO, gives better results.

From the very beginning, suspicions that PCA may
not be an effective method were raised (Goodall 1963,
van Groenewoud 1965, see also Guttman 1953), con-

firmed later by many workers who dealt with simula-
ted data and brought into focus the ‘horse-shoe’ effect
(Austin and Noy-Meir 1971). This effect notwithstan-
ding, Noy-Meir (1971, 1974) points out that PCA can be
used successfully when the analysis is limited to the
identification of phytosociological entities, since each
such entity can be delineated through a linear combi-
nation of variables, and the multilinear model that un-
derlies most factor analyses holds. The inadequacy rises
when the researcher’s interest turns toward indirect
gradient analysis, since the environmental effects
should not be considered as having linear constraint on
species performance.

The horse-shoe effect can then be explained as the
result of the representation into linear space of the non-
linear relationship between species performance and
environmental factors (van Groenewoud 1965, Orloci
1980, Fewster and Orloci 1983, see also Heiser 1987).
The recognition of this led to attempt methodological
improvements to increase reliability, if evidence of en-
vironmental factors through indirect gradient analysis
is required. Whereas the development of some early in-
tuitive simple methods, such as BCO, and its various
modifications (Orloci 1966, Goff and Cottam 1967), even
if still supported by some authors (Beals 1984), seems
now to have reached the end of their utility, the inve-
stigation on more suitable eigentechnigues followed se-
veral directions:

1. improving existing methods, through data trans-
formations prior to eigenanalysis (Benzécri 1973-82, Thm
and van Groenewoud 1975);

2. looking for ways to reduce the horse-shoe éffect
following the analysis (Hill and Gauch, 1980);

3. adapting nonmetric multidimensional scaihig
(NMMDS) methods to weaker underlying hypotheses
(Fewster and Orléci 1983);

4. developing methods which better conform with



the response/factor relationship model (Gauch and Cha-
se 1974, Gauch, Chase and Whittaker 1974).

The introduction of canonical contingency table ana-
lysis, known broadly as correspondence analysis, in eco-
logical analyses (Hill 1973, Feoli and Orléci 1979, Orléci
1981, ter Braak 1984, 1985, Orloci and Orléci 1988),
seems a best choice among the methods based on the
multilinear models. However, as a double standardisa-
tion is involved, a complex nonlinear transformation is
introduced. Analysis of simulated data seem to confirm
a reduction of the horse-shoe effect (Kenkel and Orlé-
ci 1986), although depending on the B-diversity along
the considered gradients. A suggestion for detrending
a posteriori comes from Hill and Gauch (1980) and ter
Braak (1984 and 1985), in order to completely remove
any nonlinear trend considered as a product of the me-
thod of analysis.

In another direction, based on the evidence that the
Gaussian model could be a reasonable approximation
for a nonlinear response type, methods were develo-
ped known as Gaussian ordination (Gauch and Chase
1974, Gauch, Chase and Whittaker 1974, Johnson and
Goodall 1980, Fewster and Orléci 1983). Some critici-
sed the Gaussian choice (Austin, 19764, b), arguing that
nothing inherent dictates a Gaussian type response and
in fact species can follow several different response mo-
dels which may be skewed or even bimodal, etc. Fur-
thermore experiments followed, dropping the
eigentechniques in favour of Nonmetric Multidimensio-
nal Scaling (NMMDS). They are based on iterative pro-
cedures aiming at recovering the data pattern in a
reduced dimensional space, without any underlying hy-
pothesis, and seem to be suitable for the purpose of re-

presenting relevés in environmental factors’ spaces
(Fewster and Orléci 1973, Gauch, Whittaker and Sin-
ger 1981, Orloci, Kenkel and Fewster 1984, Minchin
1985, Kenkel and Orloci 1986, Bradfield and Kenkel
1987). The recent developments are summarised in Ta-
ble 1; for further reviews and discussions, see, e.g., Noy-
Meir and Whittaker (1977), De Leeuw (1987), and Hei-
ser (1987).

A review of the work performed up to present on
the matter, an effort of investigation is apparent, aim-
ing to represent relevés in environmental factor spa-
ces, through species performance values. Interestingly,
some (Feoli and Feoli Chiapella 1980) find the horse-
shoe effect ecologically informative for revealing non
linear trends. I will try then to organise the matter in
this paper and to draw some conclusions.

The geometrical model of factor analyses

We are considering an n-dimensional affine space E,
which is a couple formed by a set S of elements, called
points (see, e.g., Bourbaki 1962, Godement 1965), and
an associated n-dimensional vector space V, such that,
given any point O belonging to S, a 1 to 1 correspon-
dence exists between the points of S and the vectors
of V, on the condition that:

1) O of S corresponds to the null vector of V;

2) E is invariant under linear transformations and ori-
gin translation.

With this model, if linear relationship assumptions
could be made, we could imagine to represent the re-
levés as points in an affine space, sustained by diffe-
rent vector spaces, let they be spanned by species,

Table 1. Proposed solutions to indirect gradient analysis, according whether the functional from of the response is
assumed or not and, in this case, to the type of adjustment.

Functional form of response

Assumed

Double adjustment

not assumed
Other

McDonald (1962, 1967)
polynomial factor analysis

Hill (1973)

IThm and Van Groenewoud (1965, 1984)
eigenanalysis

Gauch and Chase (1974)
Gaussian model

Phillips (1978)
polynomial ordination

Johnson and Goodall (1980)
curve fitting

Fewster and Orloci (1983)
Nonmetric multidimensional scaling

reciprocal averaging

Feoli and Orléci (1979)
concentration analysis

Hill and Gauch (1980)
detrended correspondence analysis

Orléci, Kenkel and Fewster (1984),
Kenkel and Orléci (1986)
Multidimensional scaling, chord as
external distance

Bradfield and Kenkel (1987)
Minimum spanning tree distance

Von Rijkevorsel (1987)
Homogeneity analysis and fuzzy coding




Fig. 1. Five different bases of vector spaces, having dif-
ferent origin, but all sustaining the 2-dimensional affine
space corresponding to this page. The set C, resulting from
Principal Components Analysis of the dotted points, aim-
ing at optimising the representation of the points’ iner-
tia, is considered more suitable for their representation,
in that each vector can be interpreted as a factor influen-
cing the points’ scattering.

environmental factors, life forms, or other collections
of objects (Fig. 1). While this idea frees the model from
the constraint that all spaces have the same zero va-
lue, it also implies that the spaces are isomorphic, have
the same dimensions, as the true dimensions of the af-
fine space. The classical analysis proceeds in the follo-
wing way:

1) consider the species as generating a vector space
sustaining the affine space of relevés;

2) define a scalar product, in order to transform the
affine space into a Euclidean space;

3) extract an orthogonal base for the vector space,
via an eigenanalysis technique.

As a result, the found dimension of the base formed
by the eigenvectors should correspond to the dimen-
sion of any other space sustaining the affine space, and
consequently there should be a correspondence be-
tween the reduced dimension subspaces spanned by the
first eigenvectors of the analysed space and subspaces
of the other vector spaces. This is, in practice, what we
mean when we ‘‘interpret’’ the extracted factors.

It must be pointed out that the use of PCA as confir-
matory analysis or as a modelling tool, can raise serious
questions. In fact, it is to be noted that the extracted
principal component axes are unique to the data and
should not be interpreted as real factors. Being opti-
mal for the task of representing data in a reduced di-
mensional space, the axes are only suggestive of the
factors (or more likely their combinations) that actual-
ly influence the sampled phenomenon under study, and
not the factors themselves. On the other hand, it is evi-
dent that, although the factorial axes are linear corre-
lations of the original variables, any non linear trend

that can be revealed by inspection of the pattern of
points, can be interpreted as a nonlinear factor that is
likely to be causal for the phenomenon under investi-
gation. Therefore, the use of PCA should be limited to
exploratory analyses, and in this context it is highly ap-
propriate.

In order to confirm what the analysis has actually
shown, or to formalise it in a mathematical model, one
must perform more specific analyses, such as analysis
of variance, regression or discriminant analysis, using
data collected for the purpose, checking conditions
otherwise hard to substantiate, such as random choice
in sampling, random distribution of residuals, multinor-
mality of distributions, or, in case of eigen analyses, li-
near relationships of variables. In addition, if nonlinear
trends are to be investigated, the functional form of the
trend must be determined empirically, through nonli-
near regression or curve fitting, and theoretically jus-
tified. These aspects must be stressed since the use of
an exploratory and descriptive tool, such as PCA, is far
from being an ideal tool for the purpose.

Environmental data

Let us consider a table Y, where each element yj; is
the measure of the level of an ecological factor j in re-
levéi i=1,...r, j=1, ... f Each matrix row Y; is a vec-
tor in the f-dimensional space of ecological factors F and
each column Y; is a vector in the r-dimensional relevé
space, both of being subspaces of the spaces of all the
ecological factors F and all the possible relevés R, re-
spectively.

The factors extracted in an eigenanalysis are linear
combinations of the environmental variables measured,
so that they can give predictions of non-measured en-
vironmental factors, linearly related to the measured

Fig. 2. Factors are extracted from environmental varia-
bles and relevés are scattered in the whole factor space.
Relevé groups, within dotted lines, are likely to correspond
to phytosociological entities. No horseshoe effect is
present.
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ones (Fig. 2). In addition, the examination of covarian-
ce or correlation matrices, and the pattern of variables
in the factor spanned space provide reliable informa-
tion of the correlation among the measured factors, that
can be interpreted as a non-random sample correlation
among the factors under investigation.

In this case, the aim of the analysis is to order the
relevés along factors, and to identify non measured un-
derlying factors via eigentechniques. Data transforma-
tions, ordination, and classification are usually done.
Discriminant analysis is used when a reference classi-
fication exists based o external criteria. However, un-
less special care is taken both in sampling and in
analyses assumptions, it must be stressed that the ana-
lysis results are not to be inferred to a population, and
not even the axes may be considered as the true factors.

Vegetation data

Let us consider a table X, where each element x;; of
which is a transformation of the abundance of species
jintherelevéi,i=1, ... r, j=1, ... s. Such transforma-
tion can mean simply 1 for species presence and 0 for
absence (PA), the Braun-Blanquet (Westhoff and Van
der Maarel 1973) code O, 1, +, 1, ..., 5 (BB), species den-
sity, i.e., the number of species individuals (SI), or per-
centage species cover (CP). Such a table can be
considered as a contingency table, treated as a data ma-
trix. In addition, each matrix row X is a vector in the
s-dimensional species space S and each column X; is a
vector in the r-dimensional relevé space, both being a
subspace of the spaces of all the species populations
S and all the possible relevés R, respectively.

The aim of the analysis of such a table is two-fold:
on the one hand the matrix is rearranged into blocks,
such that the relevés of similar floristic composition are
grouped together and the co-occurring species are pla-
ced side by side: for this a suitable clustering techni-
que is needed. On the other hand, an understanding of
the ecological reasons of the variation among the table
blocks is attempted, namely to identify the ecological
gradients along which the species populations under-
go trended variation, and along which the relevés can
be arranged in a natural order. For this aim, the idea
of factor extraction via an eigenanalysis is seducing. In-
deed, a most coherent procedure could be a combina-
tion of these methodologies, so that a successful analysis
should give both an ordination of relevés along under-
stood gradients and a syntaxonomical classification (Ca-
miz 1988). Translating these aims into the language of
affine spaces, it would mean to look for an orthogonal
base of the subspace of species space, corresponding
to orthogonal factors in the corresponding subspace of
environmental factors: in this latter space, species
should be represented by vectors and relevés by points,
and the clusters should correspond to density phases
in the cloud of points.

In fact, PCA gives co-ordinates to relevés that are
correlated to how each extracted factor influenced the
relevé diversity. Whereas in an analysis of environmen-
tal factors this could mean the exact position of a relevé
according to extracted factors, that can be considered as
compounds of environmental factors, in this case, the
relevé scores should represent the share of a phytoso-
ciological entity in the relevé. This is unlikely to be di-
stributed at random on the factor space (as it should
be expected, if no other underlying cause would exist),
because 1) different entities are likely to be mutually
exclusive in nature, 2) the sampling of relevés, for phy-
tosociological purposes, far from being a random sam-
pling, is performed according to the homogeneity of
vegetation (for further comments, see Goodall and Feoli
1988), so that it is likely to strengthen the group pat-
tern of the data table, forcing to mutual exclusiveness
of the entities, and 3) the relevés are very often fully
attributable to different phytosociological entities (un-
less fuzzy attributions are allowed, see Roberts 1986,
Feoli and Zuccarello 1986, 1988 and Dale 1988).

The arranged position on the factor space of phyto-
sociological entities reflects these matters, and PCA
usually places entities’ centroids close to the factors,
and on opposite sides of a factor those which are mu-
tually exclusive. The procedure is such that, given three
entities A, B, C, A and B being mutually exclusive and
C partially co-occurrent with A and B, in a PCA scat-
ter diagram on the first two axes, A and B will be like-
ly placed at the opposite extremes of the first axis, and
C at the extreme of the second, centred on the first axis’
origin. A clustering technique, based on the first set of
factor scores, is often able to partition the relevés into
groups that can be identified as phytosociological as-
sociations. If intermediate relevés are considered, the
pattern has a horse-shoe shape, that can be interpre-
ted as an indirect manifestation of a nonlinear environ-
mental factor, as far as the diversity of the
phytosociological entities can be interpreted in such
terms. If such a factor exists, phytosociological entities,
as well as species, are supposed to occupy a niche, de-
scribed by a nonlinear function (Fig. 3).

It is therefore evident that through PCA, the aim to
get principal axes corresponding to environmental fac-
tors is far from being reached, owing to the complex
co-occurrence pattern and correlation characteristics
of the ecological factors that normally influence plant
growth. Of course, the analysis is complicated by both
the fuzzy and irregular border that separates different
syntaxonomic units in nature and by the noise that is
always present in data. Naturally, an analysis simply
aiming at relevé assignments to syntaxonomical units,
can be easily developed, either through the identifica-
tion of characteristic species of known units, or through
cluster analysis and a priort or a posteriori original data
transformations, which modify the relative weight of



Fig. 3. PCA scatter diagram of relevés sampled along a ma-
jor ecological factor. Groups A, B, and C may represent
mutually exclusive phytosociological entities. The other
points may be transitional relevés. The principal axes do
not represent ecological gradients. The horseshoe effect
present can be interpreted as the main ecological factor.

the species. In this regard, PCA (as well as CA, or
NMMDS, that will be discussed later), resulting in a di-
mension reduction, can be used successfully. Compa-
red to mere identification and cluster analysis, the latter
procedures have the advantage of allowing a dramatic
graphical representation of the relevés’ scattering and
the species’ correlation pattern. The interpretation of
the axes through species and environmental, (if appli-
cable) correlations can result in the recognition of syn-
taxonomical units, suggesting a vegetation
environmental basis for the species space.

In any case, it must be kept in mind that all methods
of analysis can recover most of the information present
in data set, but not information outside. This means that
any analysis can synthetise information, but cannot
equate the computed gradients or syntaxa (i.e., clusters)
with true gradients or syntaxa in nature. For this rea-
son, interpretation of results is subjective, left entire-
ly to the researcher, at least until an ecologist’s
knowledge is imparted through professional program-
ming to an expert system (Camiz 1988).

Canonical correlation analysis: combining the
analysis of vegetation and environmental data

Canonical correlation analysis (see, e.g., Gittins 1985)
aims at defining the best linear relationships between
two sets of variables, and vegetation or environmen-
tal. Eigenanalysis techniques of projection spaces are
the usual departure points. The canonical co-ordinates
can be interpreted as the best representation of the syn-
thesis of one set performed by the other (Fig. 4). Whe-
reas this method can be used successfully among
different sets of environmental variables, it could be
misleading if used for understanding relationships be-
tween species distributions and ecological factors, be-

Fig. 4. Canonical correlation analysis extracts couples of
orthogonal axes from two sets of variables. Each couple
must be as correlated as possible. The correlation coeffi-
cient is a measure of the goodness of the linear represen-
tation by the two sets.

cause of the usual nonlinear relationship between the
two. In fact, when using canonical analysis, we should
keep in mind that each factor belongs to a subspace
spanned by species performances, and each species per-
formance belongs to a subspace of environmental fac-
tors, both being a linear combination of the other space
vectors. If this is not the case, the two spaces A and
B are not subspaces of the same vector space and we
cannot consider interaction between species and fac-
tors as linear correlations.

It is interesting to note that, limiting the analysis to
arelevé by species table, a particular canonical analy-
sis can be performed. Correspondence analysis (CA), in
fact, can be considered as a canonical analysis, suita-
ble for the treatment of contingency tables, as no cau-
se/effect relationship is expected to exist between rows
and columns. Here, the vector spaces involved are both
species and relevé spaces, considered as subspaces of
the space of all the existing plants. Actually, any sam-
pled plant is assigned to a species, as well as to a qua-
drat where it was found. The analysis then tends to
explain if and how the same phenomenon, namely the
table structure, can be similarly described by the two
subspaces, that is, what the named subspaces have in
common. As relevés can be considered environmental
factor dependent, we are back to the relationship be-
tween species and environmental gradients, although
the underlying geometry is not so evident, as a double
standardisation of the table is performed prior to the
computation of distances.

It could be due to this obscure aspect that the hor-
seshoe was not considered by Hill and Gauch (1980) a
manifestation of nonlinear trends, but an aberration of
the method when they proposed Detrended Correspon-
dence Analysis (DCA). While Hill and Gauch (1980) re-
move the houveshoe analytically (Fig. 5), ter Braak
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(1984 and 1985) forces the detrended factors to be ma-
ximally correlated with introduced environmental fac-
tors, through regression techniques.

Actually, their aim is to obtain a representation of
relevés in environmental factor space, through the
known position of relevés in species space, via subse-
quent adjustments of the relevé factor scores, in order
to remove nonlinear correlations among the extracted
axes. Unfortunately, this heavy manipulation is likely
to add uncontrolled artificial distortion (Greenacre
1984), maybe in the opposite sense of that introduced
by previous data manipulations. It is evident that in-
vestigation of the actual amount of distortion affecting
the results, attributable to each of the manipulations
of data during the analyses, should be considered in the
light of: 1) double standardisation prior the analysis, 2)
eigenanalysis, and 3) detrending.

The generalised co-ordinate spaces:
a possible solution

As a cause/effect relationship exists between envi-
ronmental factors and species performances, if we want
to build a geometrical model we must represent the spe-
cies performances in environmental factor space, con-
sidered as the reference space; in this space, species
performance with respect to each factor is an uncer-
tain curve that is usually approximated by a Gaussian
curve. In this model, distributions of species with re-
spect to an ecological factor have the form of a series
of asymmetrical curves which overlap along the gra-
dient and about which the individual performances are
randomly distributed. Dealing with two or more factors,
the species distributions appear as a set of curved sur-
faces overlapping on the whole plane.

Such a situation, could be viewed in the frame of ge-

Fig. 5. The procedure of detrending as described by Hill
and Gauch (1980): relevés are divided into groups and each
group is detrended by projection. Relevés of two different
groups may obtain distorted reciprocal position.

Fig. 6. Cartesian 3-dimensional space represented as ha-
ving three generalised coordinate sets. Each point is the
intersection of three planes, each parallel to coordinate
planes (x, y), (X, z), and (y, z) respectively.

neralised co-ordinates such as latitude and longitude on
the earth’s surface, or even ordinary cartesian co-
ordinates in 3-dimensional space, if considered as in-
tersections of orthogonal planes (Fig. 6) as suggested
by Feoli, Lagonegro and Zampar (1982) for which they
present the computer program PUPOLI (Lagonegro and
Feoli 1984). Let E be an n-dimensional space, each point
i corresponding to an n-tuple (e;, ..., e,) of co-
ordinates. Let us consider now n families HJ- of (n-1)-
dimensional hypersurfaces in that space, each hyper-
surface h; in a family being described by the variation
in a parameter p;, j=1, ..., n, such that

1) each point of the space belongs to at least one hy-
persurface of each family;

2) the intersection of n hypersurfaces, each belong-
ing to a different family, is a point (A, B, C, Fig. 6);

3) two hypersurfaces of the same family do not in-
tersect;

4) in all points the equations of the family of hyper-
surfaces may be written in explicit form;

B) exceptions to previous conditions are acceptable
only in a number of cases that remain undetermined,
or determined conventionally.

Under these conditions, for each point i, the value
pjj of the parameter identifying the hypersurface of the

j-th family where point i lies, can be used as a generali-

sed co-ordinate of the space. In fact, each n-tuple
(Pn1---» Pun) COtresponds to a particular point and each
point corresponds to an n-tuple. The exceptions are only
the points where two hypersurfaces, belonging to the
same family intersect, as they can have the co-ordinates
of both the intersecting hypersurfaces. As an example,
each point of the physical space, on the earth’s surfa-
ce is defined by its altitude, latitude and longitude: al-
titude is conventionally referenced from sea (zero)
level, so we can consider it as a family of spherical con-
centric surfaces; latitude is an arch distance from the




equator line, so it can be represented as a family of se-
micones having vertices on the centre and axis along
the z-axis; longitude, an arch distance from Greenwich
meridian, is a family of half planes all bordered by the
z-axis. If we consider now an orthogonal system of co-
ordinates, centred on the earth’s centre, with the x-axis
connecting the centre with the intersection on earth
surface of the equator with the Greenwich meridian,
the y-axis connecting it with the intersection of equa-
tor with the 90° meridian East, and the z-axis connect-
ing the centre with the North pole, we obtain the fol-
lowing equations for the three hypersurface families
(that we now approximate, considering the earth’s ze-
ro level as a perfect sphere):

x*+y2+2%—h?=0, (1)

(z /sqrt (x2 + y®) — tg (lat) = 0,
@)
—90° < lat = +90°,

(y / x) — tg (long) = 0,
3)
— 180° = long = + 180°,

where all the hypersurfaces of each family are descri-
bed by the variation of the parameters h, lat, and long
respectively (Fig. 7). It is evident that equation (2) be-

Fig. 7. The three coordinates for measuring positions of
a satellite (A): altitude is represented by concentric sphe-
res (B), latitude by cones having the polar axis as common
axis (C), and longitude by semiplanes intersecting in the
polar axis (D).
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comes indeterminate in the earth’s centre (x =y = z
= 0), as does equation (3) along the z-axis (x = y = 0).
We can conventionally set to zero the undetermined pa-
rameter in those cases. Based on equations (1), (2), and
(3), we can derive the new co-ordinates, by expliciting
the parameters (condition 4 must hold, then), so that
they become,

altitude: h = sqrt (x 2 4 y 24z 2) — earth radius (4)

latitude: lat = arctg (z / sqrt (x 24 y 2)) (5)
where lat > 0 = North; lat < 0 = South

longitude: long = arctg (y /x) (6)
where long > 0 = East; long < 0 = West

Cartesian co-ordinates can be derived from these
equations, by solving the system in x, y, and z; in the
same way they can be considered as families of planes
parallel to y-z-plane, x-z-plane, and x-y-plane, respec-
tively. The system (1), (2), (3) must be solvable with re-
spect to X, y, z:

x = (h + earth radius) * cos (lat) * cos (long) )
y = (h + earth radius) * cos (lat) * sin (long) (8)
z = (h + earth radius) + sin (lat) 9)

Here, each equation is to be considered as the equa-
tion of a set of parallel planes in the earth geographi-
cal co-ordinates, with varying parameters x, y, z,
respectively.

Looking at the systems (1), (2), (3), and (7), (8), (9),
we can state that it is much easier, even in this simple
example, to write equations of curve surfaces in carte-
sian co-ordinates, than those of linear manifolds based
on nonlinear coordinates. Nevertheless, transforma-
tions of co-ordinate systems are possible in this context,
provided that we know the equation of the families of
hypersurfaces as defined by the other set; we may al-
so consider the inverse problem, that is having the co-
ordinates of points in a set transformed them into co-
ordinates of the other set, provided that we have in-
verse transformation equations.

Such a frame of reference applies in the case of re-
levés: in the space of ecological factors F, each relevé
corresponds to an f-tuple of measures taken from Y, as
ordinary co-ordinates, as well as an s-tuple of species
cover/abundance values, to be considered as generali-
sed co-ordinates, in the sense that the set of points whe-
re a given species has a given cover value is a
hypersurface (Fig. 8).

If we knew the equations that define the species hy-
persurfaces as functions of environmental parameters
(Johnson and Goodall 1980, Fewster and Orléci 1983),
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Fig. 8. In the space of two environmental factors, each spe-
cies can be represented by its niche, here represented as
a set of isospecies. Isospecies are here concentric curves
whose points correspond to relevés with the same species
cover values.

the direct problem of defining coenoclines and coeno-
planes would be solved. In order to solve the inverse
problem, the search for ecological gradients, based on
species abundance data, it is strictly necessary to know
the species response curve or, at least, some model
should be hypothesised, in order to allow parameter
estimation.

In the vector space spanned by f ecological factors,
that we can consider as being orthogonal to each other,
the set of points having the same cover value for a spe-
cies s; can be approximated as f—1 dimensional regu-
lar hypersurfaces depending on the species value itself.
It should be expected that f species would be sufficient
to describe the same ecological space. In fact, since as
a species niche is but a part of the full ecological spa-
ce, the number of species needed is higher (and the
number of species in nature confirms this idea), in or-
der to cover the space.

In such an environmental factors space, if we admit
that the distribution of each species is Gaussian for each
environmental factor, both species and factors are nor-
malised, and the distribution parameters are always the
same, the model is an orthogonal vector space, span-
ned by factors, where species co-ordinates are hyper-
circles of different centres but with radius proportional
to the cover value; as a result, the distance of a point
from a centre of a species distribution is the measure
of that species’ cover.

Let us imagine now that our data table is noiseless,
that is, random variation is zero, and that we know al-
ready the position of each species mode. We can place
a relevé in the intersection of the hypercircle of spe-
cies s corresponding to value rj;, with the hypercircle
of species sy corresponding to value rj, ..., with the hy-
percircle of species s;p corresponding to value rj;, ete.
j=1, ..., r. In this way, we can find positions of all rele-

vés that are meaningful in terms of the environmental
factors. The same can be accomplished if the metrics
along each factor are not the same or factors are not
orthogonal (that would mean the existence of a cova-
riance pattern among factors), or the isospecies (that
is the considered hypersurfaces) are not hypercircles,
but hyperelliptycal or any other known hypersurfaces.
The only thing needed is to know the exact functional
form of both the isospecies and its inverse transforma-
tion (Fig. 9).

The first problem that must be considered in this con-
text is the problem of noise in the data. We can esti-
mate the actual position of relevés in the same way we
estimate points in linear space, i.e., via regression (least
squares) techniques, once we assume that the noise has
random distribution. A second serious problem arises
when we drop the requirement of knowing the para-
meters of the Gaussian distribution of each species in
the environmental factor space. Gaussian ordination
(GO) (Gauch and Chase 1974, Gauch, Chase and Whit-
taker 1974) defines both the position and parameters
of a species. A third serious difficulty arises if we drop
the last requirement, that is, knowing the functional
form of response to environmental factors. In this last
case, no parametric model can be considered, except
indirectly inferred, such as the horseshoe effect in a
multilinear space, or other effects, which may serve as
the signature by which some species response curves
may be identified.

Non parametric methods: possible exploratory
solutions?

In the case that estimation of species cover/abundan-

Fig. 9. A probable representation of the main ecological
factor influencing the scatter of relevés in Fig. 3. A se-
cond minor factor may be considered affecting the scat-
ter around the first one. If the equation of the curves
representing the factors is be known, a generalised coor-
dinate system is defined operationally.




ce accords with the Braun-Blanquet code, we may con-
sider Multiple Correspondence Analysis (Benzécri
1973-82, Lebart, Morineau et Tabard 1977) a suitable
exploratory tool, although seldom used in ecology stu-
dies (see Romane 1972). MCA is a Generalised (to seve-
ral sets of variables) Canonical Analysis (Carroll 1968,
Kettenring 1971, Casin and Turlot 1986) specially de-
signed for the analysis of a contingency table (Burt’s
table, Burt 1950). The subsequent eigenanalysis is sup-
posed to be particularly robust, and it is likely that the
distribution of both relevé and species scores could con-
tribute understanding about how species co-occur and
how they are aligned to environmental gradients.

NMMDS techniques (Kruskal 1964a and b) are ano-
ther possibility that seem promising, once the require-
ment for a specific underlying model is dropped. In fact,
once a distance is defined among relevés, the aim is to
recover the same distances between relevés in a redu-
ced space, through iterative computations, aiming at
reducing a defined stress value. This can be viewed as
an optimisation problem, depending on the definition
of distance and stress. Although these methods were
already tested in ecological data analysis on real and
simulated data (Fewster and Orléci 1973, Orléci, Ken-
kel and Fewster 1984, Minchin 1985, Kenkel and Orlé-
ci 1986, Bradfield and Kenkel 1987), no theory can help,
up to now, in defining the number of dimensions most
suitable to represent the data, that is to infer the ac-
tual number of environmental gradients. Furthermore,
special care must be exercised in computation of distan-
ces, in order to avoid overweighting of the co-occurrent
species and underweighting the rare ones.

Characteristic species: a suggestion

Most of the problems derive as the researcher wishes
to store species cover data taken in the field in a com-
puter’s memory, to obtain automatically, by shaking the
computer, as it were, a scatter diagram where each re-
levé is set in its exact position according to the envi-
ronmental underlying factors (if possible, labelled with
their names). Of course, the researcher may come clo-
se to this goal, through the use of exploratory techni-
ques sufficiently specialised for this type of data, if
assisted by a suitable expert system (Camiz, 1988). I
think that presently existing tools can provide reliable
information about phytosociological pattern, as revea-
led by data, and suggestions of the actual number of
environmental gradients influencing the pattern, even
if horseshoe or other arch effects are present (Feoli and
Orléci 1976, Orléei 1988). The trained researcher can
extract understanding from these data patterns and de-
rive conclusions. If the researcher wants to upgrade to
a more precise definition of the gradients themselves
and the relationships that species have with the gra-
dients, he must consider more details about the actual
relationships that can only be derived from field sur-
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veys or experiments.

In order to reduce the enormous workload, it would
be sufficient to limit the study, at least at the begin-
ning, to the species considered phytosociologically cha-
racteristic. Once their relationships with environmental
gradients are identified, equations could be derived that
could well be used in building a system of generalised
co-ordinates that could cover the entire ecological spa-
ce. Each relevé, in turn, could be placed at the appro-
priate point in this space, based only on the
performance data of characteristic species.
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