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Abstract. In this paper I examine some of the causes of the "horseshoe" effect in ordination, and some of the proposals made
to mitigate or remove it. I then introduce a Riemannian unfolding methodology whereby the horseshoe is embedded in the
curvature of the space itself. By using monotonic regression methods the curvature of this space need not remain constant.
This means first, that the nonlinear responses of species are incorporated into the curvature of the space itself, and second,
that differential sampling densities along a gradient can be accepted without excessive distortion of the results.

Although much more evaluation is necessary, it seems that the use of a Riemannian space might avoid many of the
problems presently found with ordination methods. It also raises several questions of fundamental importance in vegetation

Introduction

Ordination is one of the most commonly applied multi-
variate techniques in numerical vegetation science. Yet, to
adopt a cynical view, it seems that users of such methods all
too often sample along a marked environmental gradient,
apply their preferred technique, recover a somewhat twisted
version of the gradient and proclaim the analysis successful!
Rarely, an attempt may be made to estimate rates of change
in composition or to utilise the modal positions of the species
in some predictive manner.

Ordination methodology has, of course, been subject to
considerable review concerning the choice of the best meth-
od (Anderson 1971, Fasham 1977, Clymo 1980, Minchin
1987), as well as more specific reviews and comments on
currently popular methods (Sherman 1972, Olsson 1979,
Arabie & Soli 1982, Marquand 1982, Wartenberg, Ferson &
Rohlf 1987, Hubert & Arabie 1988, Naga & Antille 1990,
van Groenewoud 1992). In fact, for a rather popular multi-
variate technique, there seems to be considerable dissatisfac-
tion with present performance. Kenkel & Orléci (1986)
concluded that none of the currently available ordination
strategies is appropriate under all circumstances and specifi-
cally indicate that detrending could lead to distortion. This
conclusion is supported by Oksanen (1988). But when are
they appropriate? To answer that question we need some
evaluation functions.

Wilson (1981) pointed out that there are at least 2 dif-
ferent properties involved in evaluating ordinations.

1. The accuracy with which the ordination recovers
the "true" species or stand order. Wilson estimates
the true ordering using a maximum likelihood meth-

od based on a non-null rank model, which involves
no Euclidean assumptions.

2. The consistency with which it performs, which is
essentially a measure of the risk of obtaining aber-
rant results. Wilson estimates this by crossvalida-
tion, using the variance of replicate ordinations
based on subsets, although a bootstrap method
might be preferable.

In Wilson’s example, detrended correspondence analysis
was more accurate but less consistent than principal compo-
nent analysis; perhaps a multivariate analogue of the nursery
rhyme "and when she was good she was very, very good, but
when she was bad she was horrid". However, Wilson’s
proposals are notorious for their absence from subsequent or-
dination studies!

Where we have a single gradient, then some modest suc-
cess is likely, in that we can hope to estimate the locations of
stands and/or species along the gradient with some semblan-
ces of accuracy and precision. With more than a single gra-
dient the results become more entangled. This is hardly
surprising! The notion of ordering, or seriation is strictly a
one-dimensional one. This can be easily seen when attempt-
ing to estimate the median, perhaps the quintessential order
statistic. It is well defined in one-dimension, but there are at
least 4 competing definitions in multidimensional space,
each with its own effective definition of order (cf. Small
1990)". It can easily be seen that the minimal spanning tree
in one dimension is simply the sorted data so there is a case
to be made for the minimal spanning tree as an extension of
the concept of ordering in more than one dimension. Fried-
man & Rafsky (1983) make use of this in defining their non-

I Gilula & Ritov (1990) comment that even stochastic ordering is best understood in the univariate case, and that multivariate extensions, such
as that of Sampson & Whitaker (1989) did not appear useful as a means of extending correspondence analysis.
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parametric multivariate t-test analogue and, as we shall see
later, the minimal spanning tree provides a basis for one of
the more successful methods of unbending the horseshoe.

Very often an expected gradient appears in a phytoso-
ciological ordination as a curve, commonly known as a
horseshoe. Various reasons exist for this occurrence, but a
primary problem is that, if the B diversity is large, many of
the pairwise dissimilarities may be poorly estimated. Es-
timates of dissimilarity for pairs of stands which share few or
no species can be extremely inaccurate, for our estimates of
species performance are truncated at 0! A zero value can
mean either that a species is absent but could survive in the
stand, or that it is impossible for the species ever to survive.
As W. T. Williams once remarked, some noughts are
noughtier (naughtier) than others.

The precise effect of such lack of commonality in species
complement depends on the coefficient in use. In some cases
pairs of stands could appear to be extremely similar when
they share few or no species. In other cases the dissimilarities
between such pairs of stands may be large but non-dis-
criminating; the value indicates only that the stands are in-
deed markedly different. Thus the value of the dissimilarity
we obtain as our estimate is not a secure guide to the
reliability of that estimate.

However, all the methods have another feature in com-
mon which we have so far ignored. They all seek a projection
of the data into a Euclidean space. Even Johnson & Goodall
(1979; see also Goodall & Johnson 1982,1987), who made a
valiant attempt at incorporating the non-linear relationships,
albeit as Gaussian curves approximated by quadratic func-
tions, expect their results to be Euclidean in nature. But what
is it that is so definitive about a Euclidean solution? In this
paper I wish to examine another possibility which has some
attractions, a negatively curved Riemannian space. But first
I want to look briefly at methods by which the horseshoe ef-
fect can be mitigated, modified, removed or accepted.

Mitigation Methodologies

1 shall discuss the various methodologies under the fol-
lowing headings:
®*  Grin and Bare It
* How Many Miles to Babylon?
¢ Hammer and Tongs
®  Jus Primus Noctis
*  Coupling
*  Cohabiting
*  Miscegenation
*  Winnowing

Grin and Bare It

Feoli & Feoli Chiapella (1980) have argued that the ap-
pearance of a horseshoe should not be regarded as a total
catastrophe! It should, they suggest, pose no insuperable
problems provided the user is aware of the existence of a
nonlinear response. Furthermore, they point out that mis-
guided attempts to remove a non-existent horseshoe may

prove more damaging than accepting an existent one. For it
is not always the case that the second axis is a quadratic func-
tion of the first, the third a cubic function, and so on, if only
because this assumes that there is only a single interesting
axis anyway. I have myself found examples where the 1 *and
2" axes were essentially independent but the 3" and 4™ were
quadratically related, the 3 with the 1, the 4% with the 2™,
Application of any unbending methodology should clearly
be selective and not routinely applied without consideration,
a point made by Kenkel & Orléci (1986) and reinforced by
Jackson & Somers (1991). However, if the user determines -
that such a quadratic response is present, then the interpreta-
tion can be adjusted. While this can hardly be regarded as a
strategy for unbending a horseshoe, it is useful to remember
that to do nothing is not necessarily bad.

How Many Miles to Babylon?

The most obvious solution to the problem of badly es-
timated dissimilarities is to change the estimation procedure
to obtain a better (combination of) dissimilarity measure(s).
We can then possibly employ a parametric scaling method,
such as Gower's (1966) principal coordinates analysis,
giving a very thorough analysis. Although most, if not all, of
the dissimilarity measures employed in vegetation studies
can be encompassed within the general concept of a Haus-
dorff distance (Hausdorff 1927; Bednarek & Ulam 1979),
they can be usefully divided into 2 or 3 conceptual types.
These are the difference metrics and the intersection metrics,
with correlations providing a possible third category of shape
metrics.

In difference metrics we use functions such as

p
Z abs (xjk — Xjk)T
k=1

which are then scaled or further modified. The dissimilarity
is clearly a function of the difference of corresponding values
in the description vector. A typical such measure would be
Gower’s (1971) metric, where the difference for each vari-
able is scaled by its range.

With intersection metrics we employ instead functions of
the form

p
Y min (xikXjk)
k=1

which are scaled and then complemented to convert them
from similarity to dissimilarity. Typical measures here
would be the Sgrensen (1948) measure or Lance & Williams -
(1966, 1967) Canberra metric with double-zero suppression,
although more complex forms can be found (Dale 1989a).
The difference between intersection and difference metrics
is most easily seen with binary data where it corresponds to
the inclusion, or exclusion of double-zero matches. If we ex-



amine 2 pairs of values (1,2) and (1,7) we can see that in both
cases the contribution to the intersection metric would be 1,
whereas the contribution to the difference metric would be a
function of 1 or 6 respectively‘2

However it is also necessary to consider the scale of
measure of the data themselves. In many cases phytoso-
ciologists have used cover-abundance scales which avoid the
over-precise appearance, the tedium and probably some of
the associated noise, which direct measurement involves.
These scales are strictly ordered category scales and subtrac-
tion is not an appropriate operation, since arithmetic opera-
tions are undefined for such measures. In such cases the
Gower metric is inappropriate. However Critchlow (1985)
has shown that several intersection metrics can be derived
using the Levenshtein minimal mutation approach. Dale,
Coutts & Dale (1988) used this to provide a landscape clas-
sification.

There are other measures which might be preferable in
certain circumstances. Thus Dale, (1989a) describes a meas-
ure suitable for the ordered category data typically collected
by phytosociologists. Another example is Calhoun’s (Bartels
et al. 1970, sce also Dale 1989b) "betweenness” measure,
which relies only on the order properties of the observed
data. In essence it counts the number of other points which
lie between the pair whose distance is being estimated and as
such it is likely to be sensitive to sampling intensity. Like
Goodall’s (1966) probabilistic coefficient it is solely a func-
tion of the specific data set being examined.

Shape metrics are more commonly used in inverse clas-
sification of species, although others have been suggested
(e.g., Austin & Belbin 1982). Most take the form of correla-
tion coefficients which are generally based on products, al-
though some rank correlations are based on differences.
Wilson, Partridge & Sykes (1990) recommend use of the
Cole/Hurlbert Cg coefficient as a means of addressing certain
types of rarity. However, they remark:

none of the methods give a classification that is
consistently intuitive ... None give a classification
that agrees completely with the autecological and
distributional information available.

If there is an expectation that stands and species should be
referable to the same space, recommending different coeffi-
cients and different analyses for stands and species is not
going to accomplish this. However many analyses result in
the stands being represented by points, and the species by
vectors, with logical relationships to distance and correlation
measures respectively.

Selecting a dissimilarity measure will almost always in-
volve some compromise (cf. Gordon 1990). It would seem
sensible to determine the scale of measure of the data, and
perhaps the components of similarity which the user regards
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as important and select a measure within these constraints.
Using nonmetric scaling methods avoids great reliance on
the magnitude of the dissimilarity values, since these meth-
ods rely only on their order. Faith, Minchin & Belbin’s
(1987) results do suggest that many coefficients do get the
order approximately correct, although with considerable
noise.

Robustness can also be maintained in scaling by regard-
ing the zero values as missing (Spence 1982). This reduces
the maximal number of dimensions which can be safely es-
timated from our data. As a rule of thumb we require about
2.5-3 times as many data values as parameters to estimate.
For m sites and n species in k dimensions we have k(m+n)
parameters to estimate. Most phytosociological data tables
seem to have no more than 20% nonzero entries, so we
should have mn/5 > 3k(m+n). This gives as an estimate of the
maximal dimensionality in an unfolding of k < mn/15(m-+n).
We may seek less but we should certainly not try to seek
more.

With ordered category data even this is unnecessary
since the 0 values are simply another category whose ordinal
position is clear. However, these scales remain folded. Only
the largest value has a unique position since the other values
could represent positions on an underlying axis either above
or below. Thus, however careful our choice and our con-
sideration of the properties of the data, it is unlikely that any
direct measure of similarity will be successful in situations
of high B diversity where such folding is of greatest impor-
tance. It would seem more sensible to avoid calculating such
measures entirely and regard the abundances of species in
stands as direct estimates of the similarity of species and
stand. Such data can then be analysed using multidi-
mensional unfolding techniques.

Hammer and Tongs

The second, and most popular, method of addressing the
horseshoe is to attempt to flatten out the ordination. Two pro-
cedures have been suggested for this unbending of horse-
shoes, or detrending as it is more commonly known. The first
was developed by Hill & Gauch (1980) for correspondence
analysis and involves a smoothing operation within conse-
quent fragments of the presumed gradient. Hill’s procedure,
while somewhat ad hoc, appears to work quite well on oc-
casion, even if the second axis produces no curvature.

The second, due to ter Braak (1985) and again for corre-
spondence analysis, attempted to fit polynomial functions of
the earlier axes to remove quadratic and higher order effects
in later axes. The problem with ter Braak’s method is that the
second axis need not contain any quadratic component of the
first, while the third or some later axis might do so, or might
reflect a polynomial relationship with an independent second
axis. I should add that it is not at all clear what the mathe-

2 The normalisation adopted can also have a marked effect. The Bray Curtis (1957) coefficient, given by L(min)/Z(max), would evaluate to 0.22,

whereas the Canberra metric, using Z(min/max), would give 0.64.
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matical nature of the detrended axes is! The first axis is an
eigenvector of the data matrix, but after detrending the nature
of the subsequent axes is decidedly obscure.

Provided there is only a single gradient, either method
might be expected to perform well enough, since then they
do nothing; we are after all in an exploratory mode of analy-
sis and it does not behove us to be too particular!3 But if
there is a quadratic effect then it will contaminate the first
axis anyway by compressing the ends, and neither method
does anything to alleviate this. In practice ter Braak (pers.
commun.) has admitted that the results obtained by his pro-
cedure were inferior to those given by Hill’s method.

Correspondence analysis does make use of the unknow-
able zero values, and can be extremely fragile if there are out-
lying values. I have seen cases where the first 11 latent roots
were all unity, giving trivial axes in such cases. Hill & Gauch
(1980) downweight rare species for precisely this reason; the
weighting is so effective the axes disappear altogether! In-
terestingly Eilertson et al. (1990) modified the weighting
scheme when attempting to estimate B-diversity from
detrended correspondence analysis results.

More robust algorithms can be defined with greater resis-
tance to outliers. Gabriel & Odoroff (1984; see also Emerson
& Wong 1978) propose a method using medians in the
reciprocal averaging algorithm, and this gives results very
similar to the logarithmic transformation proposed by Thm &
van Groenewoud (1975). But using medians is not without
problems. For rare species, that is those which occur in less
than 50% of the stands, the median will always be zero and
the species effectively contributed nothing to the analysis.
Worse, if any stand has less than half the total number of
species then it too will have a median of zero; with much
vegetation data this would have disastrous consequences!
Gabriel & Odoroff suggest that any other percentage point
might be used, for example the 95%]e, but this simply shifts
the problem to the more rarefied species and the very species
poor stands. In selecting a percentile the analyst is in effect
deciding at what level of rarity a species becomes unimpor-
tant. The use of trimmed means to provide robustness meets
similar problems. It would be possible to use weighted
medians but this has not been examined in practice.

Jus Primus Noctis

There are 2 alternative proposals for incorporating some
specific aspects of the purported species responses into the
model which have had phytosociological application;
Johnson & Goodall’s (1979) maximum likelihood method,
together with its later polishings (Goodall & Johnson 1982,
1987), and the Parametric mapping method of Shepard &
Carroll (1966), used by Noy-Meir (1974). Some of the more
flexible nonmetric scaling techniques might also be included

here (see e.g., Holman 1978, Friedman, Tukey & Tukey
1980).

Johnson & Goodall argue throughout that the species
response is Gaussian; by this they mean that the envelope of
the plot of abundance against position on a gradient is bell-
shaped. This shape is symmetric, which seems unlikely even
if convenient. They approximate the shape by a quadratic,
which ignores the tails of the distribution entirely, while
separately estimating a presence/absence component. My
own limited tests of their program have had little success, at
quite large cost in computer time.

The same can be said of parametric mapping, which has
problems avoiding local minima, though it can be effective
in one dimensional cases. The problems here may in part be
due to the use of least squares criteria since these are known
to be highly sensitive to outlying observations. Since the
shape of the response curve is not prescribed in parametric
mapping, it might be profitable to examine more robust es-
timation methods, along the lines of Heiser’s (1987) use of
absolute deviations

The explicit representation of the response of the species
does show a major problem with using any dissimilarity-
based method. As noted above, any particular performance
value for a species corresponds to 2 different positions along
the gradient, with the exception of the unique maximum if it
exists. Obviously more complex response curves could per-
mit more than 2 positions to be present. We therefore require
techniques of analysis which will cope with this ambiguity,
so that rather than scaling methods we should choose unfold-
ing methods.

Coupling

The suggestion here is to combine several measures rep-
resenting intersection and difference components of dissimi-
larity. Probably the most obvious method of combination is
simply to average the measures, and Noest & van der Maarel
(1989) have suggested just this, adding a Bray-Curtis meas-
ure to what is effectively a Gower metric component. They
further suggested that a weighted mean might be more ap-
propriate, although they indicate no mechanism for es-
tablishing the values for the weights. In fact such summation
had been earlier suggested by Weir (1970) who used it to
equalise the contribution of blocks of attributes in numerical
taxonomy. Each block was weighted by the reciprocal of the
number of attributes in it or by some user-specified value.
Tversky (1977) and Krumhansl (1978) have also examined
composite dissimilarity measures which could be pertinent
as phytosociologically apposite models.

Most dissimilarity measures sum the contributions of

species to provide an overall measure, and this is often im-
plicitly a weighted summation - the Canberra metric is a

3 Gilula & Ritov (1990) have examined some problems of inferential statistics in correspondence analysis. It seems likely that bootstrap and

permutation methods (see e.g. Biondini ef al. , 1988) will be useful.



good example of this. It is interesting that in all cases sum-
mation has been used, although this is clearly not the only
possible means of combining the components. For example
the product would have the advantage of being scale-free.*
Again, using summation is the same as using the mean dissi-
milarity, and we could argue for using the mode, as more rep-
resentative, or the median, as more robust, or even the
maximum as most pessimistic.

Another possibility is to use one matrix as a source of
weights to apply to the other (see e.g., Borg & Lingoes 1980).
In essence multidimensional scaling methods seek a set of
coordinates such that the distances between stands in the
coordinate space is a good approximation to the observed
dissimilarities. The measure of goodness in metric analyses
is a sum of squared differences, and it is obviously possible
to replace this by a weighted sum of discrepancies. Indeed
many of the criteria used in the computer programs already
include weights of various kinds to normalise the statistics in
desirable ways. In our case we could simply use an intersec-
tion similarity measure as a weight for the difference meas-
ure, thus combining the reliability and difference estimates.
While such analyses are possible with available computer
programs, I can find no example of their use in the ecological
literature. Note that in this approach there is an asymmetry
in the use of the 2 measures, since one is used simply to
weight the importance of the other.

Cohabiting

Rather than summing the matrices or using one as a
source of weights for the other, it is also possible to analyse
them jointly. The idea here is that the distance in the
recovered ordination space should approximate all the avail-
able dissimilarity measures simultaneously. Restriction to 2
matrices is clearly unnecessary. But this does not mean that
the compromise ordination so recovered will necessarily be
useful. T have at home a postcard showing an elephant and a
giraffe surrounded by ’loving hearts’ and followed by a
curious offspring combining characteristics of both! Com-
promise can lead to bizarre conclusions!

Methods using multiple matrices include McGee (1968),
Joreskog (1971), Cunningham & Shepard (1974), Holman
(1978), Friedman, Tukey & Tukey (1980), Lastovicka
(1981), Kakusho & Mizoguchi (1983), and Klauer (1989).
Using multiple matrices can introduce complications; e.g.,
Flury (1987) has provided two generalisations of principal
components analysis which do not give identical results. No
phytosociological evaluation has yet been made of these to
my knowledge.

Somewhat more subtle is the individual differences ap-
proach of Carroll & Chang (1970; see also Kenkel & Booth
1987) where the ordination axes are regarded as forming a
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set common to all the dissimilarity matrices. For each matrix
a set of weights indicates the importance of each of the axes
for that specific case. In some cases the weight may be zero
and then the dimensionality for that matrix is effectively
reduced. It is not impossible that each matrix could have only
one pertinent axis, and none be shared between them. I can-
not find an example using this method in the ecological
literature; I hope to provide one later.

A last alternative would be to analyse each matrix in-
dependently and then attempt some kind of canonical cor-
relation or Procrustean analysis to rotate the various sets of
axes to congruence. This is an analogue of the consensus
methods (cf. Nelson 1979, Stinebrickner 1984a,b, Day 1986,
Lefkovitch 1978), which have loomed large in cladistic tax-
onomic studies. The advantages here are, that in deriving the
axes for each matrix, we reject some of the information in
each as noise. The canonical relationship is then made be-
tween axes which have in effect already been designated as
important and any noise has, hopefully, been reduced or
removed from the system. The disadvantage is that the
rejected information might not be entirely noise, and can in-
clude the only components shared with the other matrices!
But having the results of several individual analyses is often
desirable anyway.

Miscegenation

By using multiple matrix methods, we can combine
metric and nonmetric analyses, to obtain the strengths of
both. Faith, Minchin & Belbin (1987) use a simultaneous
nonmetric analysis of the full data using Kruskal’s (1964a,b)
methodology. They first determine a threshold dissimilarity
value, then calculate 2 matrices. The firstincludes all the data
but relies only on the ordinal values of the dissimilarities,
that is on their rank order. The second matrix retains the
metric information but regards values above the threshold as
missing information. They then fit a scaling model simul-
taneously to both matrices, using a nonmetric criterion with
the ordinal data and a metric criterion with the partial metric
data. Belbin (1991) further modified this procedure by split-
ting the data into 2 parts at some threshold dissimilarity, with
values below the threshold being analysed metrically, and
those above nonmetrically5 . In both cases we have to decide
which elements of the data should be treated metrically. and
both procedures apply a single threshold. Belbin (pers. com-
mun.) indicates that the threshold values used were chosen
from plots of observed against "true" dissimilarities for simu-
lated data, which is then applied to real situations where the
"true" dissimilarities are unknown.

Disregarding the possibility that the simulated data
which provided the 'true’ values might not be entirely repre-
sentative of vegetation data, I have previously observed that

4 Summation is not applicable where the variables are incommensurate, whereas the product has no such limitation. This is usually only relevant
in vegetation studies where floristic and environmental variables are combined in a single analysis. In general I would not recommend such a
procedure since it is in identifying the commonality between these that our substantive interpretational gains are made.

5 Belbin further introduced an alternative nonmetric procedure based on Guttman’s ( 1968) image approach but we have as yet too little information

to decide if this is preferable to Kruskal’s.
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the assumption that large dissimilarities are badly estimated
is only partially true. Combining the two analyses may have
the advantage that the metric analysis constrains the non-
metric solution so that problems with local optimality and
degeneracy may be minimised. Given the general sensitivity
of scaling results to the larger distances, which will be repre-
sented here by the ordinal values only, Belbin’s method is
less likely perhaps to find an ’elephant-giraffe’ compromise
solution since the local and global patterns are segregated.
But compromise rarely satisfies everyone.

Winnowing

If the dissimilarity values vary in their reliability then it
seems sensible to identify the unreliable ones and replace
them with better estimates. We might do this by transforma-
tion, as in the logarithmic transforms mentioned in a previous
section. If we expect only a single gradient, then we could
employ Kendall’s (1971) circle-up procedure to emphasise
the gradient. Neither transformation explicitly identifies the
bad estimates but they will both tend to reduce the effects of
large dissimilarities, and these are known to be most influen-
tial contributors to the solution (see Graef & Spence 1979).

In contrast Williamson (1978) proposed removing all ill-
estimated values from the dissimilarity matrix and replacing
them by minimal paths estimated from the remaining values
via a minimal path metric. This would generally lead to an
overestimate of the unknown values. Presumably, since the
original values are generally underestimates and the final
values overestimates, combinations of the original and recal-
culated values might be used with profit. Indeed several min-
imal path estimates based on different selections of
ill-estimated dissimilarities could be combined.

But how to identify the contaminated values? The
simplest method is to select a threshold, on the assumption
that large dissimilarities are always in error. But wielding a
knife on the dissimilarity matrix is a rough and ready busi-
ness. Is no more sophisticated method available than this
somewhat crude surgery? Bradfield & Kenkel (1987) have
suggested instead that the number of shared species be used,
i.e., that a fixed number of species should be shared before
the dissimilarity is acceptable. It seems sensible that the
number shared should be normalised by the maximum pos-
sible for that pair of stands, and this is just an intersection
measure. It would appear that we are interested in combining
difference and intersection measures.

Bending the Space or ''Lie back and Enjoy It"

All of the previous approaches, except the first, have es-
sentially tried to mitigate the effects of the horseshoe. All of
them also seek to represent species-stand relationships in a
Euclidean space and it is here we propose to differ. Euclidean
space is one possible example of a Minkowski space, specifi-
cally one with a power coefficient of 2; to measure distances
in Euclidean space requires summing squares of differences.
Although Lissitz & Robinson (1977) reported no particular
advantages to non-Euclidean solutions, Gregson (1965)

found that a Minkowski space with a coefficient of 1 was
more appropriate where there were several independent com-
ponents contributing to the dissimilarity. I would not like to
argue for such independence in ecological factors, but the
possibility of looking at more general spaces than Euclidean
seems attractive. For Euclidean space is a special case of a
Riemannian space.

This final methodology accepts that our sampling will be
uneven in density along any gradients that may exist and that
our estimation of dissimilarity is less than perfect. In general
estimation error will tend to place points which are distant
too close together. But this is not uncommon in human es-
timation. Most people do underestimate large distances; after
all Paris is just beyond Bilbao, and Copenhagen is only just
beyond that again, as seen from Toledo! And human eyesight
is such that items much beyond circa 10m are focussed at
infinity; our perception of their relationship thereafter is not
based on the degree of accommodation, but on binocular
vision and semantic clues.

There is a mathematical construct which also has exactly
these properties; this is a negatively curved Riemannian
space. A Euclidean space is a Riemannian space of zero cur-
vature. It is used primarily, I believe, because we are all com-
fortable with its geometry which we learn at school. But we
are also comfortable with the geometry of positively curved
Riemannian space, since we live on the surface of a sphere,
the Earth, which is an example of such. Locally there is little
noticeable difference between curved and flat space. It is
only when we have to deal with large distances that dis-
crepancies become important. So while I do not notice cur-
vature when walking to the local pub, I do notice it when
travelling from Australia to Europe and I fly a Great Circle
route. Further, a positively curved space can be conveniently
embedded in a Euclidean space of one higher dimension.
However if we try to map the surface of the Earth onto a flat
map, which is of the same dimensionality, we find that we
can only preserve some of the properties.

Can we perhaps identify a more formal objective for this
minimal path method? Essentially we are saying that we can
only estimate small distances precisely, and that in order to
obtain estimates of large distances we must sum a series of
small distances. This is the basis of the re-estimation proce-
dures outlined above which utilise the spanning tree. Our dis-
tances are composed of changes in value for the several
species. These changes cannot always be regarded as
equivalent ; a change of one unit in species A may not indi-
cate the same distance as an identical change in species B.
Furthermore, we know empirically that the changes of the
various species are often correlated.

If we have two neighbouring points with coordinates x'
and x'+dx' then let us define the distance between them as
given by ds’=g;jdx'dx) which forms the metric of the space.
gij is called the fundamental tensor of the space. For a
Euclidean space all elements of gj; are zero except those for
gii which equal one, i.e., gjj takes the form of the identity ma-
trix. Thus in a Euclidean space all components of the distance
measure ds’ have equal weight and they are uncorrelated. In



addition the metric is positive definite, that is the values of
ds” are either positive or zero. But earlier we noted that we
did not want every species to be regarded as equivalent, and
that species are indeed correlated. This suggests that a non-
Euclidean geometry might be desirable as a means of embed-
ding the relationships between stands which we seek to
represent. Such geometries are called Riemannian, and
Euclidean geometry is simply one special case of them.

I'do not wish to present a detailed discussion of Rieman-
nian geometry which has many properties well known to us
from Euclidean geometry. For example there is an analogue
to principal components obtained by solving the determinen-
tal equation, 1A-Ag;jl=0. We calculate distances by summing
the elements ds? for adjacent points along a line, but we must
introduce an indicator e, with values of +/-1, so that
dszr—-eg;jdx'de is positive (where it is nonzero). The line of
minimal length between 2 points is called a geodesic, and
there can be several different geodesics between 2 points.
The length of the geodesic can include elements ds® with
positive or negative values of e and others with null distan-
ces! There are also differences in the definition of paral-
lelism. However, we shall return to Riemannian geometries
later in the paper.

Negatively curved spaces have some peculiar properties
as we shall see, and are possibly less familiar. But are they in
fact so rare? The human visual system, mentioned above, can
be modelled by a negatively curved Riemannian space
(Indow 1982). But a negatively curved space can be em-
bedded in a Euclidean space of one greater dimension only
if one of the axes is complex; that is has a factor V=1. This
means that when we use Pythagoras’ theorem to calculate
distances, we have to subtract these differences®.

What I am arguing here is that, as the environment be-
comes more and more remote from the species optimum, the
species response will finally decrease to zero; often, but not
necessarily, monotonically. No species is concerned with en-
vironments beyond its tolerance; such are all effectively
placed at the same (infinite) distance even if they are com-
pletely different from each other. On the other hand, species
are extremely discriminatory in environments which are
close to their optimum.

Thus the solution I propose that nothing need be done
about the horseshoe. We simply embed the solution in a non-
Euclidean space with negative curvature. The horseshoe is
then simply a visual representation of the curvature of the
space forced into existence because we cannot adequately
map a curved space onto a flat, Euclidean map! The complex
axis necessary to embed the negatively curved Riemannian
space in a Euclidean one represents the correction needed to
introduce the horseshoe. The other real axes represent the
structure in which we are interested. However, just as the
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surface of the Earth poses problems in mapping, so do the
Riemannian axes here, and we have to choose some ap-
propriate projection.

This embedding is, surprisingly, very simple to add to
scaling programs. Briefly these programs are given an ob-
served dissimilarity matrix, and seek to produce a set of coor-
dinates for all the items (stands and/or species) a set of
coordinates in a space of the required dimensionality. This
set of coordinates is chosen to minimise the discrepancy be-
tween the observed dissimilarities and those calculated from
the calculated coordinates; the discrepancy measure itself is
obtained from a regression relating observed and calculated
dissimilarities. If these coordinates represent a Euclidean
solution then we simply sum the squared differences be-
tween coordinate values. If the coordinate system is regarded
as a negatively curved Riemannian space, all it requires is a
different way of calculating the distances betweens points
based on the coordinates we are estimating. The formulz in-
volve hyperbolic functions and the curvature of the space. It
also involves somewhat special treatment of the peculiar axis
whose elements are complex7. The distance calculated from
the real axes has to be reduced as the differences along the
imaginary axis increase. This is precisely the effect we re-
quire if our observed dissimilarities are such that large values
are underestimated. However, in this case the correction
needed is individually provided by the appropriate difference
on the complex axis. No arbitrary thresholds need to be in-
voked.

A metric scaling solution requires an estimate of the cur-
vature of the space, and that this curvature remain constant
throughout the space. While we could add an extra parameter
to estimate curvature, and Lindman & Caelli (1978) do ex-
actly that, constancy of curvature seems an unlikely property
of ecological spaces, be they environmental or niche spaces.
We expect it to be negative to cope with the horseshoe, but
it is extremely unlikely that our sampling will be equally
dense along the horseshoe, nor that we shall sample at equal
intervals along the gradient. Both of these certainly affect our
estimation of the local curvature of the space. Remember that
at this stage we do not know how many gradients, if any,
exist in the data.

But if we now introduce a nonmetric analysis as well, we
do not have to estimate the magnitude of the curvature! We
need only postulate its sign. All it requires is a change of
regression procedure used to relate the observed and the
derived dissimilarities to some monotone procedure. (I
believe the space is now what is known as a Finsler space).
It is this Riemannian space which the rest of this paper will
explore in a preliminary manner. But permitting a variable
curvature also encompasses the possibility of non-mono-
tonic responses by the species! Pieszko (1975) did permit

6  The complex axis appears in coordinate analysis (Gower 1966) as a latent root of negative sign. Interestingly such roots have been known for
some time, but were originally thought to be related to missing values in the data. It seems more likely that they appear when quasi- or pseudo-
metric dissimilarities are used, and it is these which Faith, Minchin & Belbin (1987) specifically recommend for phytosociological use.

For a space of constant curvature K with distance in the Riemannian space dij and in the embedding space 5ij, the relationship is given by &;j =

2W(IKI) sinh ( VIKI dij). Note that &; need not be a metric, although dj is.
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variation in curvature but in such a manner that he could not
avoid fitting noise and was forced to admit somewhat ar-
bitrary constraints to obtain an acceptable solution

Practical Considerations.

I do not propose in this review to examine the results of
applying such a methodology. I am presently experimenting
with a Riemannian unfolding program, but there remain
numerical stability problems which make the search proce-
dure used inefficient, and liable to produce degenerate
results. There are however some practical problems which
need discussion, and I shall use Wallnéfer’s (1989) data on
oak woods for illustration. This records the abundance of 386
species in 136 stands, using a cover-abundance scale.

We have a general space in which to embed our data. The
curvature is such that horseshoe effects should not appear,
and the effects of differential sampling along any particular
gradient should also be reduced. But what data are we to use?
We know that estimation of between-stand dissimilarity is
difficult and in any case the values obtained are ambiguous.
We avoid those problems by using the raw stand-species data
and an unfolding method. The abundance of a species in a
stand is taken as a measure of the similarity of stand and
species. We can convert this to a dissimilarity by subtracting
the values from some maximum value, defined for the entire
matrix or for each specics independently, by using recipro-
cals or simply by modifying the regression procedure. I have
used the largest value for unbounded measures, or the maxi-
mum possible value for bounded measures such as ordered
category scales.

Using an unfolding method derived ultimately from that
of Poole (1984), and applying it to the transformed data ma-
trix, the space recovered can show both species and stands
simultaneouslyg. Some generalisation is possible. First, we
need not use all the values in the data matrix, and, in par-
ticular, the absences can be regarded as missing values
which do not contribute to the solution. However this means
that very rare species with fewer occurrences than the dimen-
sionality, will not be well estimated, and should be removed
from the analysis. Second, we can still use multiple matrices
if these seem appropriate so that combining difference and
intersection measures could be done, at the cost of extra com-
putation.

Using Trunk’s (1976) procedure to estimate the topologi-
cal dimensionality (Dale, unpublished) has shown a dimen-
sionality of no more than 3 for most phytosociological data.
Occasionally, for example with rain forest data, the dimensi-
onality may be higher, but the estimation procedure becomes
increasingly insensitive. In practice the available data after
exclusion of zero values is rarely sufficiently profuse to
allow estimates of such high dimensionalities. Each new di-
mension will require an additional number of non-zero
values of roughly 2.5-3.0 times the sum of the number of

stands and species. This sum, for the Italian data, is initially
516 so we need minimally 1250-1300 values per axis!

If we remove the rarer species then the number of species
becomes 225 for 3 dimensions, and 201 for 4, so there are
less parameters to estimate (361, respectively 337, per axis)
There is also an increase in relative density of nonzero values
but this does not have a great effect; even the 4-d reduction
has only 4811 nonzero entries, which is 17.6% of the table. I
would therefore request a dimensionality of 4, of which one
axis, the first, would be complex.

Presentation of the results of such an analysis involves
two further difficulties. There is clearly a problem concerned
with the presentation of the complex axis. However the com-
plex axis is effectively a mechanism for overcoming the in-
exactness of our dissimilarity estimations and probably does
not have substantive interest. While experience may suggest
otherwise, for the moment this axis can just be ignored.
There is also a question of how to best project the real axes
onto a plane; the problem is similar to the representation of
the Earth’s surface as a map. We have a choice of equal angle
and equal area projections and since we are expecting our
environmental variables to form directions in the space, my
initial choice would be for an equal angle projection. The
complexity of using 3-D representations, can be further
reduced by transforming to spherical coordinates essentially
ignoring the distance form the origin. The abundance of the
species is of less interest than its associates along the same,
or close, radii. It must be remembered that an equal angle
projection expands the polar regions, and that the left and
right sides are adjoining. There are some further com-
plexities because we are in a negatively curved space and the
projection formulae are not those used for the positively
curved geometry of the Earth’s surface.

Having obtained our representation, we shall need to ex-
plore the distribution of species on the surface. Testing for
significant departures from randomness on a sphere depends
on specifying the alternative hypotheses rather precisely
(Mardia 1972). It may be possible to test if the species form
many rather small clusters on the surface of the sphere, but
as yet [ have not completed a program for this task. Testing
for uniformity is also a possibility (cf Keilson ez al. 1983);
acceptance of uniformity would mean that the environmental
space was partitioned equally between all the species, which
seems a priori somewhat unlikely. Tests on the stand dis-
tribution would probably be less helpful, since they would
reflect sampling density and the uniformity of the environ-
ment. However, they could also reflect successional relation-
ships, hopefully as linear structures.

Relationship with Environmental Variables

Having obtained our axes we would usually like to relate
them to some environmental, potentially causal, variables,
although often the axes represent vegetation variation such

8  Ihope to experiment in future with other methods such as Sixtl’s (1973) probabilistic unfolding, as I am presently unhappy with the rates of

convergence and stability of the present algorithm.



as increasing richness whose relationship to any environ-
mental variable may be very complex. Grime (1979) distin-
guishes stresses - growth limitation factors, from disturb-
ances - biomass-destroying factors, but each might result
from changes in several variables. If the vegetation is, as is
likely, in some process of change, then other phytoso-
ciological process and characteristics may be present; e.g.,
Westman & O’Leary (1986) distinguish 5 components of
resilience.

The commonest method of relating ordination results to
environmental factors is to regress the axes scores onto the
available variables. Often this is coupled to variable selection
procedures to try and identify a "best" subset. Disregarding
any numerical problems, Frank & Friedman (1993) have
shown that the choice of regression method should depend
on whether we can assume that we have measured exactly the
variables we require, or whether we regard them as sur-
rogates for a complex. If the former then ordinary linear
regression and variable subset selection are indeed useful. In
the latter case, methods using variable subset selection are
NOT appropriate, and ridge regression, partial least squares
or principal component regression are to be preferred.

The other approach would be to adopt something similar
to ter Braak’s (1987) constraint of correspondence analysis
by incorporating regression into the iterative cycle, and
therefore forcing identification of the vegetation axes with
the environmental variables. Obviously this emphasises the
relationship to the particular environmental variables avail-
able, but it is not appropriate if we believe them to be sur-
rogates for a complex. Furthermore it is not obvious how
such constraints can be introduced into the unfolding cal-
culation, which does not resemble reciprocal averaging, al-
though further work on alternative algorithms may make this
possible.

Discussion and Conclusions

At the outset it is necessary to emphasise that this ap-
proach needs testing on synthetic data to establish its perfor-
mance under known conditions, before making any too
outrageous claims. The program which searches for a solu-
tion is so far little tested for accuracy and consistency, so its
problems are largely unknown. The method also needs boot-
strap or permutation procedures (cf. Biondini et al. 1988) to
establish confidence limits and provide appropriate sig-
nificance tests. Yet the simplicity of Euclidean repre-
sentation should not blind us to its faults and the apparent
complexity of a Riemannian solution should not bar its use.
I have argued earlier for the Riemannian representation as
having properties which more closely approximate those we
might expect of vegetation. The complex axis provides a
means for incorporating the distortions due to sampling den-
sity and inappropriate estimation of dissimilarities without
introducing somewhat arbitrary algorithmic activity. It is still
possible to use muitiple matrix methods and to seek Rieman-
nian solutions for some or all of the matrices.

The suggestion that the species is not the best descriptor
for phytosociological investigation is not novel. It is often
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defined largely by reproductive characteristics, ignoring ve-
getative properties, it is subject to taxonomic fads of splitting
and lumping, the range of variation encompassed differs
markedly between different taxa, and it ignores the pos-
sibility that the ecological requirements of the plant may vary
during its lifetime. All in all it seems a fragile basis on which
to build a science of vegetation! Yet this is precisely the as-
sumption of the Braun-Blanquet approach (Westhoff & van
der Maarel 1978). Alternatives, such as Gillison’s 1988)
plant functional attributes, emphasising the functional
aspects of morphology and anatomy would seem to be a
preferable choice, or the iconic representations of Halloy
(1990).

If it is accepted then the clustering of species might well
be regarded as an artefact of the projection. It is interesting
that the stands do not cluster. Instead they reflect fuzziness,
where any stand might contain elements of several types. Un-
fortunately the standard fuzzy classification methods are not
suitable; they insist that all types should exist within the en-
velope of the stands, and this is obviously not the case here!
Most of the species lie peripheral to the stands.

As a final intriguing possibility for future investigation,
I should note that Antonelli, Elliot & Seymour (1987) have
shown a relationship between negative curvature and
stability. So perhaps it is in the realms of negatively curved
Riemannian space that we shall find the key to the impor-
tance of diversity.

Acknowledgment. To Susi Wallnofer for listening to the
early versions.
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