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This paper attempts to show that equivalence analysis belongs to a family of
models, where certain basic concepts and corresponding statistical estimates play a
key role in translating propositions of one construction to another. This kind of semantic
translation is important, because it guarantees the more or less unified treatment of
such different basic phenomena as diversity, resemblance, preference, etc., important
in vegetation research.

VIIl. Introductory notes

VII1.1 In the first part of this series of papers, an operational extension of the attribute
duality principle and a related methodology, called equivalence analysis have been outlined
(Junasz-Nagy 1976). The main purpose of such analyses is to study “orderliness” of dif-
ferent kinds.

V 111.2 As it has already been emphasized, however, orderliness of any kind depends
on a number of conditions (e.g. due to sampling, evaluation, etc.) to a considerable extent.
Clearly, several further aspects of study are to be clarified, with special reference to spatial
processes (see V1I.). The main aim of this paper is to present a collection of constructions
(models), rich enough to cope with at least a part of our difficulties due to “context-depen-
dence”, viz. model-dependence (see 0.).

V 111.2.1 The primary purpose of the present paper is to show that even if the simplest
possible conditions are applied (e.g. binary variables are used, classical probability fields are
assumed, etc.), several types of arguments are possible to model different aspects of study
(like diversity, resemblance, etc.). Note further that, due to strange historical reasons, the
mutual interpretation of the basic phaenomena in most cases is still very difficult. (For instance,
during the development of numerical syntaxonomy, some type of resemblance has always been
“overemphasized”, while diversity has been practically neglected for a long period.) Therefore,
the secondary purpose of the present paper is to show how these simple constructions are
related inherently to each other, forming a family (or, sometimes, even a system) of models,
where the meaning of one model can safely be translated to the meaning of the other model.

V111.2.2 This kind of mutual interpretability is important, because at the present
state of vegetation research some “semantic gaps” seem to he even more alarming than before-
hand. There exists, for instance, a huge “terra incognita” between syntaxonomy and syn-
morphology (e.g. pattern analysis). If we can say that the most difficult and pertinent prob-
lems of vegetation research (such as a deeper understanding of succession and degradation)
lie in the interface of syntaxonomy, synmorphology, and syndynamics, represented by the inter-

* See Part 1. in Acta Bot. Acad. Sei. Hung. 22: 61-78 (1976).
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364 P. JUHASZ-NAGY

section of Fig. 1, then all efforts should be made to clarify that interface as intensely as we
can. In order to sharpen this statement even further, suppose that we want to understand
in the future dendrogenesis [in terms of Erdés and Renyi (1960): a type of “graph evolution”],
where a dendrite (say, a cluster dendrite) changes in space, or in time, or in a proper spatio-
temporal referential system (see Fig. 2). Because any dendrite (a topological tree) is a certain

Syntaxononny Synmorphology

Fig. 1. The importance of three subdisciplines and their interface (see V111.2.2)

m

Fig. 2. A possible dendrogenesis (see V111.2.2)

type of structure, and because a cluster dendrite results in some taxonomic algorithms, the
study of a cluster dendrite belongs simultaneously to the realms of both synmorphology and
syntaxonomy. Clearly, any prudent interpretation of some dendrogenesis can be made pos-
sible, if these realms will be properly interconnected with the third realm of syndynamics
(i.e. the “processing aspect” of the problem). At the present stage of ignorance, it is very dif-
ficult to answer the simple question: at what size of plots a certain (say, maximum) degree
of interconnectedness might be expected ?

V 111.3 This paper deals with problems simpler than dendrogenesis. and has some
carefully chosen other limitations as well (see part 1; VII1.2.1; 1X.; etc.). Only models inter-
pretable in terms of information theory are used, and by the concept “information” is always
meant contingency information (sensu Kullback 1959). The terminology tries to follow some
of the best foundations in this field (e.g. Khinchin 1959, Renyi 1962, Aczél and Daroéczy
1975). The attention of the reader is called to some remarkable works (like Pielou 1974, 1975,
1977; Orioci 1978a), and to a book under preparation (Feoli, Lagonegro and Orléci 1984)
that are concerned with several important problems of such modelling in ecology, or in vegeta-
tion research.

This paper is dedicated to the memory of prof. A. Renyi, who had first encouraged
die author to play with information theory functions.
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SPATIAL DEPENDENCE OF PLANT POPULATIONS, II. 365

[A] INITIAL FRAMEWORK OF CONCEPTS

IX. Classes of concepts: basic concepts

IX.1Let Q be a set of plant populations (labelled usually, but not ne-
cessarily as “species”), Q — {gx,q2 .... qt, ..., gs}, living in a r topographicum.
Let Tj be a set of planar sampling units (plots)_ with y-specification (say, for
shape and size), T, = y 42, ..., tig, .., W to be laid-out in the area
r', t' a 7,tgClr'. Ry projecting the bodily points of gt into x', and gaining
the projection set g[, g C x', the binary function (an elementary floristic
function) can be defined as

| di Mtg”" o-1 (1X5 1)
v o, ifg Mtjg=0,]

where n”g= 1 is called coincidence, and ny = 0 is called incoincidence.
[Clearly, (1X; 1) can be regarded as an event, like that of a Bernoulli trial,
with two elementary outputs. The usual notion of “presence — absence” is
avoided, because these concepts should be reserved for special cases, like for
“presence in a stand”.]

1X.1.1 From a theoretical point of view, Qand r' are regarded as univer-
sal sets (sets of all important points), while sets q[, 2 ..., and sets ty, tj2,
are sets of sampling points by which some statistical relations can be obtained
(say, with respect to the Descartes space, QxQ). In this way of reasoning,
gt CQis a universal relation (presence), while g{f £ ®u (coincidence) is a sampling
relation, where ﬂ (de Q, is the flora (or, florula, if you like it better) of
plot tjg.

1X.1.2 Since elements of Tj correspond to the elements of the class (set
of subsets) ®;, dy = {cpjl,cpj2, ..., cgm), the results of survey sampling can
be arranged in a binary contingency table, to be called interchangeably either
an elementary table, [ET], or a Kj (as in part 1., or in X. and the sequel, if
a series of such tables is needed). (I1X; 2) gives a very simple illustration of
an [ET], where s = 4, m = 8,Q= {u,v,w, z},
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IX .2 It is fairly important to regard even such a primitive thing as
(1X; 2) from the point of view of classes of concepts.

1X.2.1 For the sake of simplicity, suppose that we distinguish now only
three classes of concepts. The class of fundamental concepts (like set, relation,
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vector, function, graph, etc.) consists of such mathematical terms that are
all-important, everywhere in science. The class of methodological concepts (like
sampling unit, survey sampling, a statistical test, curve fitting, etc.) consists
of such terms that make workable (operational) fundamental concepts in a
given context. The class of basic concepts (like flora, vegetation, floral diver-
sity, interlocally random composition, etc.) consists of terms of a discipline of
its own (in our case: vegetation research). We regard a basic concept opera-
tional, if it is resulted in a proper interconnection of some fundamental and
methodological concepts. (Of course, it is perfectly true that such “descriptive
terms” as formation or habitat, might he as powerful in their own method-
ological place and role as operational concepts.)

1X.2.2 A basic concept of the operational type has a definite value, if
it is somehow a member of an operational framework of concepts. In order to
illustrate such a framework, let us set up the following series or ordered concepts:

<1) local vectors (row vectors) of an [ET],

o .
<> interlocal relations between row vectors of an [ET],
®
interlocal dependence between two populations of set Q,
®
m(4) interlocal association between two populations of Q (or, pairwise com-
parison of all elements of Q),
® i

<5> interlocally significant association based on conditions of <(4),
@]
plexus graph, a random graph whose points (elements of Q) are
interconnected only, if conditions for significant association are sa-
tisfied at given probability level(-s),

plexus group, a subset of Q, generated by a clicque, a stochastically
separate subgraph of the plexus graph.

1X.2.2.1 It can be seen at once that these concepts are really ordered,
because any concept is meaningful only with respect to the former ones. It is
true even for <(1), for which the concepts of 1X .1 give meaning [i.e. arrangement
of values of (IX; 1) in a proper order]. Note, however, that this chain of mu-
tual interpretability is realized because of (7),. .., (7), a number of operations,

or, algorithms. (7) means only to set up some relations on QxQ, or, even, on
n
X Qj. (7) implies the essential novelty of independence hypothesis, by which
i=i
interlocal dependence is defined by such relations as ), <C, etc. (in general,

by “7*”). (7) gives a function (e.g. chi2 contingency information, etc.) whose
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SPATIAL DEPENDENCE OF PLANT POPULATIONS, II. 367

estimated values are supposed to characterize the deviations from hypotheti-
cally independent situations. (T) evaluates these deviational estimates in given
conditions (e.g. at certain probability levels of confidence). (T) sets up a number
of rules (in particular, if the “plexus” is a coloured graph) in order to make the
construction possible. Finally, (?) gives some “cutting algorithm” for a stochastic
partitioning of the graph into more or less separable subgraphs.

1X.2.2.2 Order and correspondence in 1X.2 shows clearly that such a
series of concepts and operations is almost always needed. It is obvious again
that the hard-boiled dominance of traditional names, such as the devaluated
misuse of *‘interspecific correlation” for any kind of interlocal relations (even
if, not r, correlation coefficient, was estimated) might he extremely mislead-
ing. Note, further, that the adjective “interspecific”, in a sense, would have
been attached to the other type of relations (i.e. interflorcd relations); the
present connotation is due to a rather unfortunate convention. It is slightly
ridiculous that attribute duality of [ET] is usually stated by means of such
dubious jargon-terms (like “number of species”, “Raunkiaee frequecy”, Q-
technique, H-technique etc.) that have no true suggestion whatever — in partic-
ular, for outsiders, or beginners — on the true nature of dual relations. (When
the author has recently asked a dozen of his friends, working as applied math-
ematicians in the field of multivariate analysis, nobody was aware of the
mysterious meaning of “(1”, or “H” ; one mathematician called them “obscured
free-masonic symbols originated from the proto-chaos of science”.)

IX.3 This is the main reason why the author has decided to substitute
some traditional terms by such basic concepts which are, at least potentially,
able to cope with the difficulties of interpreting dual relations.

1X.3.1 Without repeating the details of notation in Il., (IX; 3) gives
the highlights, the simplest list of terms for an [ET], or for a Kj of sXm size:

plots 1 .

local vectors " >

moa <

c

@ ° 2 =

S § = =

= 3 < >
s > = (1X; 3)

S nue 2 5 =

=% o o S

=3 4 L2 o

o o~

2

o

1 (3) floral valences Ni ni

0 (4) floral invalences Tlj st

1X.3.2 First, note the difference among the three adjectives: (a) “local”,
(b) “/loral”, (c) iifloristic,\ (a) and (b) is related always to some row and column
properties of a Kj, respectively, while (c) involves a joint relational meaning

Acta Botanica Hangarica 30, 1984



368 P. JUHASZ-NAGY

between some row and column attributes, simultaneously. This is why K,
itself (as a whole binary data structure) can be regarded as a binary represen-
tation of some floristic composition, and why frequency distributions (1)-(4)
in (I1X; 3) altogether can safely be called floristic marginals, or, in brief, /-mar-
ginals. (Note, further, that, mutatis mutandis, a similarly simple semantics
may be applied to such adjectives as “local”, “faunal”, “faunistic” as well.)

1X .3.3 Using the numbers in (1X; 3), f-marginals are symbolized as (1)
Vj*\ (2) v~\ (3) Vij\ (4) vj\ The symbols (5) Nj and (e) n] refers to total va-

lence and total invalence of a respectively. The entropy estimators for these
quantities are, in order: (1) Ap (2) ay, (3) Bj, (4) bj, (5) Cj, (e) c., where, for
instance, Cj= n;log ny. (Without further comment, “log” always means

“log,”, and numerical values will he given in Bits, i.e. properly weighted bits.)
In the sequel, we need the following simple generalizations:

(1X; 4)

I1X .4 As beforehand, relations between local and floral vectors are called
interlocal and interfloral relations, respectively.

IX.4.1 In order to illustrate some main points, let us consider two ex-
ceedingly simple examples, where s = 3, m — 2s= 8, Q = {u, v, iv},

u 010 0 1 10 1 4

0 0 1 01 0 1 1 4 (IX:
v 0 0 01 0 1 11 4

01 11 2 2 2 3 12
" Il 1.1 1 0 0 0 O 4
\ 0 000 1 1 11 4 (IX:
v 00 0 0 1 1 11 4

111 12 2 2 2 12

I1X.4.1.1 It is easy to see that all the three pairs of populations in (I1X; 5)
are interlocally independent, therefore, (1X; 5), or, any similar construction,
like (V; 8), might be called interlocally random composition, [IRC]. On the
other hand, in (IX; e) no pair of populations is independent, in an interlocal
sense, and this kind of construction might be called an interlocally dependent
composition, [IDC],

1X.4.1.2 It goes without saying that, while an [IRC] is unique (for a
given s), [IDC] may be of very different kinds. We guess at first sight that
(IX; e) has, in many respects, a greater degree of orderliness than (IX; 1).

1X.4.2 This sort of comparison is possible at a first instant by estimating
floral diversity (Juhasz-Nagy 1976), or, as Juhasz-Nagy and Podani (1983)
call it, by florula diversity, i.e. by comparing possible and realized floral vectors.
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SPATIAL DEPENDENCE OF PLANT POPULATIONS, II. 369

1X.4.2.1 Let rog be the power set of floral universe Q, i.e. the set of all

subsets of Q, 1Jgq = nR, ..., njk, ..., ™}, where n]k is a potential flora,
and co= 2s. Let Ff he the frequency distribution for Ilq generated by T,
F!= {fji, ..., fjk, .. mfjg}. The elements of ® «(see 1X.1.2) are those element

Flgthat are represented in the survey-sampling by non-zero frequency values
(manifested floras). By supposing that the sampling conditions are satisfactory
(m > s, m —»°0), and the probability estimate pjk, pjk = fjkjrn, is more or
less unbiased, we can set the up an empirical finite scheme,

Flm . Ay-z; ...i . :*k"A (IX’ 8)
Pjl> Pj2" *** pjk” " ** P jg_

with estimated probability distribution p, related to 1Jg a complete system of
events. If by letting Uj to be a suitable estimator such as U,=2fjk logfjk*

K

fn. = m, then floral diversity, mHy\

mHY* = mlog m (1X; 9)

up

a weighted entropy-estimate of the SHANNON-type can be defined.

1X.4.2.2 It is to be noted that M‘l is not only one estimate of the the

many similar estimates; it has a number of fairly important properties. The
o < I (3

most_remarkable feature of miff' is that_floral entropy, as_dl | ur

(Htarly hound:, or, more precisely, as aJOIrt e‘trq:yfor Al elements of Q
ml | f >gs]h (1X; 10)

contains all possible “regions”, where any kind of “interaction” among po-
pulations may take place (see Fig. 3). In other words, mHF” is served as an
upper hound for association estimates, or even, for associatum (see 1X.5).

1X.4.2.3 Disregarding at the moment suitable conditions for a satis-
factory survey sampling, consider the estimated values of mlff for (1X.1),
(IX; 5), and (I1X; 6), which are: 19.25, 24, and 8 Bits. It is easy to relate these
values to the ratio of “posse — esse” ; e.g., for any kind of [IRC], like (1X; 5),
mlff = max mHf = mlogm, because all kinds of potential floras are
realized. (If, in an [IRC], wherefjk F>1, then max I I f = sm Bits.)

1X.4.3 If we do not distinguish all possible floral vectors, only those
vectors whose floral marginal values are the same, we can speak of floral

multiplets, characterized by a multiplet varable, R, R = |0, 1, ..., r, ..., S]
(see 11.3). The frequency distribution of R values of a Kqis F- = {gjo,gn, *°-,
gjr,. .., gjs}tijEgjr = an(l tl16 frequency distribution of the weighted R values
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Fig. 3. Associatum (mlj(A)) is a measurable”subset of the intersection in a VENN-diagram,
whose bound is TTTA®D), floral diversity

is F'j, FJ = {gn, g2, ....gjr,  dis} gir = rgir = njr,2rglr= Nj. By intro-
ducing suitable estimators, G, for Fj, and E; for FJ, Gj — 2Sjr I°g Sjn -Ey=
r
= 2 n+rl°g n-jn we can define
r
mHj(R) = m log m — Gj, (1X; 11)
NjH+Vh) = Cj - Ej. (1X; 12)
Both estimates, in particular, NjHj(VR), entropy offloral multiplets for valence
values, will be used in the sequel (see e.g. X 1.1).

IX.5 Finally, the reader is reminded of associatum (cf. Juhasz-Nagy et
al., 1973, Juhasz-Nagy 1976, Juhasz-Nagy and Podani 1983),

nilj(A = smlogm — o — THA"\ (1X; 13)

a multiple contingency information, i.e. contingency information estimate of
a2X2X ++-SX 2 table. Since, with respect to (1X; 14),

mitxX) = (¢, 92 ....qt ....qs)), (IX; 14)

the relation between m H and mfij(k) can easily be shown by a VENN-diagram
(see fig. 3).

X. Some basic relations: spatial processes

X .l Suppose that elements of Tj are circular plots, to be randomized
over r'. Suppose, further, that we have a class of plots, &, Oh= |TO Tj, ...,
Tj, ..., Tuj, where elements of TO are approximately “points”, and the size
of plots increases from TOto Tu, in a strictly monotonous way. More precisely,

Acta Botanica Hungarica 30, 1984



SPATIAL DEPENDENCE OF PLANT POPULATIONS, II. 371

if the size of plots are labelled as tO, tv ..., tj, ..., then the increasing series
t,<[ <Ceee<Q /<C-e++ is the first feature of the survey sampling
below. (It should be noted that, while the symbol t- indicates an element,
tjg £ Tj, as an entity, the symbol tj refers to the geometric size of this element.)

X .1.1 Of course, this increasing series may be of very different kinds.
If we define the difference between tj and t-_j as an interval, Itj, tj 1], or,
give rule to generate such differences, we can speak of several types of articu-
lation of sampling. If the articulation is “rough”, then the strictly monotonous
series, NO<'N1<"...< Nm< (..., and, n0> nn> ... )>ne> ... are like-
ly to be expected. If the articulation is “fine” enough, then the relations
Nj < Nj+1, nj Uj+l, might occur, i.e. the series are not strictly monotonous.

X.1.2 The choice of articulation should depend on the particular object
(vegetation-type), and on the purpose of the investigator. (Unfortunately
enough, a priori, before making a survey sampling, we do not know in most
cases the “resolutional properties” of our object, which shows clearly the
need of an iteration, viz. successive approximation.) Experience suggests that
a “good articulation” must not be “monotonously regular”, because of the
existence of some “critical regions”.

X.2 In order to illustrate some primary points of this paper, it is worth-
while to consider a concrete example, and derive certain primary conclusions
from it. Similar examples are given by Juhasz-Nagy and Podani (1983).

X.2.1 The particular type of vegetation is a meadow, in NE-Hungary
(near the village Beregdaréc) which has been described by the author, on the
top of his SIGMA-tist period, as Anthoxantho-Festucetum pseudovinae,
festucetosum sulcatae (Juhasz-Nagy, 1958), where s = 83, mx= 256, m2= 512,
due to two survey samplings. The long and tedious sampling procedures have
been established twice (May, 1965 and 1966); the second survey has been aimed
at correcting some results of the first one. (This is why m2 > mv) Some details
about survey sampling are considered later on.

X.2.2 Let R9\X) be a redundancy estimate, called simple relative associa-
tum,

RPW = 1- mij{X)ImHf\ (X; 1)

which has a fairly good intuitive meaning with respect to fig. 3. Roughly
speaking, (X; 1) relates associatum to an “overall uncertainty bound”. (The
upper index (1) in (X; 1) distincts this redundancy estimate from better ones,
that can be considered later, on when the boundary relations of m/;(/) will be
clarified.)

X.2.3 The curve of Fig. 4 shows change of the redundancy estimate in space
with respect to our meadow of X.2.1. We can see at once two peaks of the
curve, indicating two local maximum points of R"\a). The rough-and-ready
interpretation of such curves is possible, if we suppose that while the first
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peak is due to the “dominance of negative associations”, the position of the
second peak may due to the “dominance of positive associations”. Indeed,
the position ofthe first peak corresponds surprisingly well to the first maximum
of mij(A), and to the local maximum of pooled negative interlocal associations.
The second peak of fig. 4, however, has no such well-defined correspondences,
except that it is located fairly closely to A comp, conpensatory area, where

cr

6 7
T, m

Fig. 4. An KyV/) versus T curve (see X.2.3)

Nj ebl ri;. Besides some arguments to be explained later on, it is not too diffi-
cult to recognize that such a tranformation in most cases is necessary, be-

cause mij(X) converges more quickly to zero than mHf{f\ and, therefore,
_Rj*(A) reaches zero before a minimum area, Amin, where Nj = ms, U= 0.
It is to be observed that maximum area, Amax, local maximum of mHVy\ is
located between the two peaks of Fig. 4.

X.3 In the case of Fig. 4, or in a number of similar cases, we deal with
a spatial process of the simplest type, i.e. with a discrete approximation of an
almost continuous graphicon. (The second survey was made to control wheather
the curve is “smooth” enough, there is no third peak, etc.) In order to discuss
such spatial processes of the floristic type, the following terms are proposed
for further use.

X.3.1 Let us call such functions as mH f, mTj(/.), etc. character-
istic functions. (Note that here the adjective “characteristic” is used, of course,
in a special methodological sense of the word, i.e. the present meaning should
be kept clearly distinct from the meaning of “characteristic functions” of the
mathematical analysis, alias, “calculus”.) The extremal values of characteristic
functions (maxima, minima) indicate certain characteristic points of T, corre-
sponding in our case to a number of characteristic areas (e.g. A max, A comp, A min,
etc.). A proper inequality, such as

eee AN < Amax < Acomp < ... (X; 2)

shows some characteristic ordering of characteristic points or areas. A charac-
teristic ordering can be made more efficient by defining a number of charac-
teristic intervals, such as JAmax, A comp |, etc.
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SPATIAL DEPENDENCE OF PLANT POPULATIONS, II. 373

X.3.2 It is quite obvious that the characteristic interval |t0, Amn| = T,
called the floristic scale (in brief, the scale) has the important property that T
contains (by relation 6, or by d) all relevant characteristic points or intervals.

in many cases exists, but it may be trivial, if Amn p(t’), where the

mbol p(1’) indicates the size of the study area. A non-trivial ArmeX|sts if

in< . (In our case, for instance, where the study area, viz. stand area

of the meadow is about 60 000 m2in size, and since this area is surrounded by

forests and swamps, we can safely say that a non-trivial Amnemsts) There

are cases, where there is no well-defined but a scaling point tu can be

found from which all information estimates (defined floristically) converge
stochastically to zero.

X.4 During a survey sampling, that is operating with such scaling points
as tj, tjET, our intention isto make a characteristic scaling, or, at a more advanced
level, a characteristic screening. Both searching procedures attempt to locate
certain characteristic values (points, or intervals) in the scale, but while in
a scaling procedure we want to study some synmorphological features of a
community, during a screening procedure we have some specific desideratum
in mind, e.g. we would like to locate the optimal interval of the scale for a cer-
tain classificatory algorithm. (The personal guess of the author is that some
interval around the point given by the first local maximum of miy(A), y-I"b,
might he optimal for a number of classificatory procedures.)

X.4.1 The primary concern of any characteristic scaling is to consider
some bounds of the estimators, e.g.

Njlog rhj < Aj < Njlogm (X; 3)
Njl°gSj < Bj< Njlogs

Ujlog (m — ﬂ]) <;U < nj logm

njl°’g (s - Sj) <[ bj < nj logs

where m} = Nj/s, s) -- Njjm, or,

(yy — ms logs) <CXj<Csm log m (X3 4)
(yy — sm log m) < Bj <Zms log s

These simple bounds will be frequently used in the sequel (see e.g. X 11.2).
X.4.2 As for the primary meaning of such bounds, we can reconsider
some statements made in IV. If a Kj is in an Z-state, then Aj has its value at
the lower bound; if a Kj is in an L-state, then Aj has its maximum value.
(Mutatis mutandis, similar relations are true for all the estimators.) From the
point of view of scaling, some states, relatively close to an Z-state, can be
expected somewhere in certain “mid-regions” (critical intervals) of the scale
(except, of course, the irrelevant A min-state). Some object (our meadow, for
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instance) has the property, however, of approaching some /-state more than
once. The presence or absence of this property-depends on the “structural
complexity” of the community, or, speaking in simpler terms, on the scoring
(floristic) diversity states of the object that can be traced by means of some
functions defined on a series of KO, Kv ..., Kp ... (see X11.3.2; XIII., etc.).

X.4.3 These relations indicate again the need for a better understanding
of such concepts as orderliness, equivalence information, etc. This need is stressed
further by the fact that, contrary to the naive belief of many investigators,
some maximum degree of entropy and information estimates might be very
closely located in the scale. Without repeating notation and arguments used
in part 1, the reader is reminded of <l)-table and (O)-table, for wich NjifE)
and njij(e) can be related.

X1. Equivalence information —revisited

X 1.1 In order to study again NjifE) more closely, let

(1) Vo = Cj- Aj,
(2) N Hj(VR) = C —Ej, (X1; 1)
(3) NjHj(IVr VR]) = Cj- Dp

where (1) is entropy of local valences (cf. X 11.1), (2) is entropy offloral multiplets
for valence values (cf. 1X.4.3), and (3) is equivalence entropy (a special kind of
joint entropy), by which

NjTj(E) = NjHj(VQ + NjHi(Vr) - NjHj([V, Vf])
= Cj- Aj- Ej+ Dj (X1; 2)

as in (I1; 5). Using this new notation in hand, it is straightforward to introduce
the corresponding pair of conditional entropy functions:

Njaj(Vvql VR) = Ej — Dj, |
KiHj(VR\Vg) = Aj - Dp |

This pair of function almost always play a fairly important role in understand-
ing orderliness of different types, because

NjHj(V - NjHj(Vgl VR) = NjHji VR) - NIH](Vr | Vg = Njij(E). (XI; 4)

X1.2 In the case of an [IRC] (cf. 1X.4.1.1), where, according to the
proof given in V.2.4, the equality Cy— Aj — Ej — D; is always true, and,
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therefore, the equations of (XI; 5)

NjHj(Vd) = NjHj(Vg1 VR)
NjHj(VR) = NjHj(VR\Vq (X1; 5)
NjH,(Vg + Nfi{VR) = NjHA[Vr VR]

make clear that NjTj(E) = 0 for any [IRC], i.e. the stochastic independence
of events [g] and [R]. Note that conditions of (X1; 5) correspond naturally to

the maximum value of w v ~ and to the minimum (zero) value of m/y(A).

X1.2.1 More precisely, by applying the proper PASCAL-triangle rule (cf.

s—1
Y.4), and by letting sr = f N , As- ~ arlog ar, s* = log s, a fairly con-

cise description of estimators is possible,

Cj = s(s + s*- 1)2"1]

Aj=s(s - 1)2*-*, (X1; 6)
Dj = sds,

Ej = s(s*2s 1 m As),

and, using (X1; 6), we get (XI; 7),

NjHj(Vag = NjHj( Vgl VR) = ss*
NjHj(VR) = NjHj(VR IVQ) = s[(s- I)2si - 1zls],
NjHj(Vg1 VR) + NjHj(Vr 1 Vg = NjHj([Vg VR]) =
= *[(*+ s*- 1)2"~ - 4L
i.e. the detailed verification of (X1; 5). Since Njij(E) = 0, thus Yj = Njij(K);
NjTj(K) = ss*2s"1- Br
X 11.2.2 For an [IRC], wheres = 3,asin (IX; 5), Cj = 43.0188, Aj = 24,
Ej = 25.118, Dj = 6,andso4 4 .(4 ) = NJHJVQg\VR) 19.0188, NjHj(Vr)=
NjHj (VriVg - 18, NjHj (VglVvr) + NjHj(Vr\Vvg = NjHj ([Vg VR]) -
= 37.0188, Yj = Njlj(K) 8.2641. Note that as s increases, the difference
of NjHj(Vq) and NjHj(VR) increases as well. Note, further, that by dropping

the notation of (XI; 6), we can express Y) = Njij(K) as iV;1°g s — R, (see
X1V .3.2).

X 1.3 On the other hand, if a kj represents an [IDC] of some sort, where
mlj(X) ~>0, the particular Kj might be of very different kinds, according to
the conditions for orderliness involved. For further use, let us distinguish here
only two kinds of compositions.
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X 1.3.1 In an at least locally well-ordered case, where Aj = Dj = Nj logs,
Ej = Bj + Dj, thatis, NjJHj(Vq| VR) = Cj - Dj = Nj log mp NjHj(Vr\Vqg =
= 0, NjHj(VqlVvR) = NjHj([Vqg VRY), and, therefore, Yj= 0, NjtR) =
= NjTj(K) = Cj —Ej. In words, this means that the measurable subset of
joint entropy that represents intersection will be identical with the whole set
of NjHj(VR); this is why ivy///(VR\Vq) = 0.

X 1.3.2 In an at least locally ill-ordered case, where C; = Ej, Aj = Dj =
= Njlogs, Bj= Njlogm, that is, NJIJVqjVR) = Ej — Dj, NjHavR) =
= NjHj(VRI1VQg = 0, and, therefore, Y; = Njij(K) = NjlogNj (see e. g.
X1V .2.2), consequently, Njlj(E) = 0. In words, this means that because one
of the entropy estimates in (XI; 2) completely disappears, the intersection
should be “empty”; this is why the value of equivalence information is zero.

X 1.4 Although our understanding of orderliness became perhaps a bit
more advanced, a branch of new problems arise, if, ad analogiam of (XI; 2),
we introduce such new estimates as

njH j(vg lvr) = ej ~ dr
rijHj{vR jvg) = aj- dj, (X1; 8)
niHj(lva>% 1) = C — dp

and start asking questions about such additive relations as

NjTj(E) + njlj{e) = msij(e) = yy- Xj—ey+ dj,
NjTj(K) + njij(k) = msij(X), (X1;9)
%+Y=VM=9g- a- g,
where e-= Ej ¢€j, 6j = Dj -f- dj. We might guess that a proper interpreta-
tion of (XI; 8) is possible within the framework of syncretic models, where

coincidences and incoincidences of all elements of a Kj are considered alto-
gether,

[B] SOME SYNCRETIC MODELS

XI1l. Marginal diversity functions

X11.1 Let us define the following iveighted entropy functions on the f-
marginals of a KR referring to marginal uncertainty estimates at ty,

(1
@

) NjHi(Vg = Cj- Aj,

NjHj(Vt) — Cj — Bj,

) JHi(VY) j i (X115 1)

(3) njHj(i) = cj — aj,
)

(4) njitjlv,) = ¢ - bj.
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X 11.1.1 If, for the sake of brevity, we label here entropy function by
[EF], then (1) is [EF] of local valences (cf. X 1.1), (2) is [EF] offloral valences,
(3) is [EF] of local invalences, and, (4) is [EF] offloral invalences. Functions
(1) and (2) are monotonously increasing, functions (3) and (4) are monotonously
decreasing in the spatial process described in X.

Fig. 5. A quartet of “species area curves”, according to (X 11I; 1) (see X11.1.2)

X 11.1.2 More precisely, if a non-trivial A min exists, then (1) and (2)
reaches (or, at least, stochastically converges to) its maximum of ms log s
and sm log m, respectively, while (3) and (4) tends to zero within the size of
a x\ Because of this property (monotony), functions of (XII; 1) cannot be
used as “diversity indeces” (see Grassle et al. 1979). These functions, however,
might be the optimal substituents of the classical “species-area curves” used
so far in many respects. It isremarkable that in the majority of cases the inter-
val of scale, whose extremal points are located, where the approximate equali-
ties of NjHj(Vt) A« njHj(vg) and njHj(vt) NjHj(vqg are satisfied, includes
practically all the important characteristic points (except, of course, Amin) that
may be interesting in vegetation research (see Fig. 5). The search for such a
maximum interval (as a characteristic interval) is perhaps the simplest way of
indicating the size-classes within which a reasonable survey sampling can be
taken. Besides, the curves of Fig. 5 can frequently be linearized as special
“synallometric" (log-linear) curves. (This topic should be treated elsewhere.)

X 11.2 The best property of functions in (XII; 1) is that they are all
bounded by the the following simple inequalities [cf. (X; 3) etc.],

(1) Njlog § <; NjHj(VQ <. Njiog *
(2) Nijlogmj ANjHjiVy~ANijlogm (X115 2)
(3) lj 1og (s — Sj) < TIjHj{yd <; T log s

(4) rij log (m — mj) <; njHj(vt) <, nj log m

where, again, sj = Nj/m (i.e. local mean density), 777,= Njjs (floral mean
density) as in IV.
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X 11.3 According to inequalities in (X I1; 2), both upper deviates.

ANjHj(Vg = max NjHj(Va — NjH;(Vg = Njlogs + Aj — Cj,

ANjHjiV,) Njlog m + Bj - Cy,

ArijHj(vg) = rijlog s A- aj — Cj, (X115 3)
ArijHj(vt) = rijlogm + bj - G,

and lower deviates,

VNjHj(Vg) = NjHj(Vg - min NjHj(Vg = Njlog m — Aj,
VNjHj(Vt)= Njlogs - Bj,
VnjHj(vg) = rij log m — Uj, (X11; 4)

\>njHj(Vt) = nylogs - bj,

as empirical gain of information estimates at t, (see Khinchin 1959) indicate
how diverse/-marginals are. Contrary to (XII; 1), functions in (X II; 3) and
(X11; 4) represent useful diversityfunctions (called marginal diversity functions)
based on the simple reasoning as follows.

X 11.3.1 If Kj is in a monovalence state of either kind, or both kinds, then
proper upper deviate (or deviates) has (or have) zero value. On the other hand,
in the same case, the proper lower deviates are represented by their maximum
values. If Kj is in an oligovalence state, then, vice versa, upper and lower devi-
ates take their minimum and maximum values, respectively.

X 11.3.2 This shows clearly that all the eight deviates (in short, the
octet) should be used altogether, in order to characterize the marginal diversity
state of a Kj. In addition, /-deviates, i.e. members of octet play an important
role in composing information estimates, because each contingency informa-
tion can be gained as the sum of the proper gain of information estimates
(see X 111-X1V ).

XI1Il. Three partners modelling

X 111.1 1t is sometimes very useful to think of a Kj as an output of a
situation resulted in athree-ways selection. Because any selection is a repetitive
choice of some kind, our elementary concept should be (1X; 1), a random
choice, which henceforth will always be called an intersection. (Note that the
very general meaning of set operation /) is substituted here by a particular

methodological meaning of the word.) Let us define three ‘“abstract partners'”,
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an average population (q), an average plot ofj-size (i), and an average intersection
(i), related to the ordered pair <g,t). All partners are endowed with selective
property, namely,

— qselects plots from the elements of Tj,
— t selects populations from set Q,
— i selects ordered pairs from ms possibilities.

X 111.1.1 In this selective situation, a fairly good intuitive framework
might be introduced. For instance, besides choice and selection (represented by
the “inner” scalars and vectors of a Kj), we can rightly think of ilselectional
powers'” of partners (shown by the/-marginals of a K), or of diversity of selec-
tional powers (characterized by an octet). Since selection of some sort is always
related to a certain degree of preference, we might think of our selective situa-
tion as of a preferential situation as well. For instance, in an [IRC], where no
kind of local, or interlocal preference is present, all properties of an [IRC] (/-
state, max mIVf\ zero-valued m/4N), etc.) are due to this lack of preference.
Note, further that a huge number of old notions (e.g. ubiquity, commonness,
rarity, constancy, fidelity etc.) is closely related to such an intuitive frame-
work of concepts. These concepts, however, have a strong “historical load”,
and this is responsible for a number of misunderstanding (Juhasz-Nagy 1964).

X 111.1.2 For the reasons why is it plausible to allow for either t or i to
have selectional powers, we may turn to several generalizations of our situation,
e.g. where Q can be a set of animals, enzymes, etc., Tj can be a set of some foods,
substrates, etc., at a given j-condition, say, at a given degree of temperature.
Although elements of Q, without doubt, are “more active” than elements of
Tj, plots, foods, substrates (simply, liy virtue of “quality” or /state they re-
present) also selects plants, animals, enzymes; this is why such concepts as
enzyme specificity, substrate specificity, and reaction specificity, notwithstand-
ing coplimentary, but are by no means related trivially to each other (see Quast-
ler 1953).

X 111.2 According to Kolmogorov, assume a classical probability field
for our selective situation, i.e. p(q) = ljs, p(t) = /m, p(i) = 1/ms, and thus,
in terms of information theory, we have

H(q) = logs,
H(t) — log m, (X115 1)
Hj(i) = log ms — Vj/ms,

i.e. quantities of the Hartley type (see Rényi, 1962; Reza, 1961; Luce,
1960). Note that even in this utterly simple (say, “hyperprimitive”) formalism,

the entropy Hj(i) can be given as an estimate, only. The primary explanation
of this is due to a particular transition; namely, the relation tjg£ Tj is trans-
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ferred here to the selectional relation of partner i. The same is true for for the
corresponding joint entropy functions,

Uj([g, i]) —log ms — aj/ms,

(X115 2)
Rj([t, *]) = log ms — Rj/ms,

L k- *]) = fog ms, (X111; 3)

where (X 111.3), not containing i, is of constant value, hut functions of (X1I1;
2) are estimates, related to the actual (jr-dependent) values of the estimators
involved.

X 111.3 It is fairly easy to see that, having (X I11; 1)—(X IIl; 3), a whole
system of equations can be obtained, and some of these equations have a de-
finite bearing on certain aspects of our selective or preferential situation.

X 111.3.1 According to the simplest kind of a Boolean reasoning, the
particular event space is partitioned by (X III; 1) into 23 = 8 molecular events,
and we might consider these events as singletons, doubletons etc., so we have
altogether 28 = 256 kinds of functions. (Fortunately enough, the vast majority
of these functions is quite irrelevant and immaterial for our present purpose.)
This family of functions includes e.g. conditional entropy functions (like
H(g jt) = H([g, t]) — H(t) = log s), information functions (e.g. 7fq, i), Ift, i),
etc.), multiple informations functions (e.g. Ifi, [q, i]), etc.), partial information
functions (like if[q, t] [i), etc.), and so on.

X 111.3.2 The simplest possible information is

{q, t) H(q) + H({t) — H([q,t]) = logs + logm — log ms = O (XIII; 4)

which has the definite meaning that partners q and t, without partner i, have
no information whatsoever with respect to each other. This indicates clearly
that we shoxdd concentrate on such functions which include partner i as well.
For the sake of convenience, it is much better to use weighted forms (i.e. each
function is multiplied by ms).

X 111.4 It is worthwhile investigating a triplet of functions (in itself a
simple linear model) in a little bit more detailed way, and turning afterwards
to other relevant functions of the three partner modelling.

X 111.4.1 According to X 111.2,

mslfq, i) = msH(q) -f- msHfi) — msHf[q, i]) = mslog s -j- ms log ms —yj —
- (mslog ms — Xj) — mslogs+ <f—Yj- (X'111; 5)

It is to he noticed that (X III; 5) is identical either with contingency informa-

tion of the little (local) contingency table” on the right side of an [ET], or
B
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with the sum of the proper upper deviates in (XII; 3):
msij(q, i) = ANjHj(VQg) + AnjHfvf) (X'11; 6)

It is to be stressed again that all contingency information estimates are composed
linearly from certain gain of information estimates. (This important point is
practically missed in the ecological literature, because of the lack of systematic
treatment, and strange “potpourism” with “indeces” and names, where simple
entropy estimates are frequently called “total information content” and similar
rubish nicknames.) We might guess that the sum of the corresponding lower
deviates play a similar role in composing another relevant information esti-
mate. Indeed,

Vijyfy V,) + njHj{vg) = msHflt, i] jqg) -
— msHft I[q, i]) — rnsHfi \[qg, t]) = (X115 7)
= sm log m — Xj — msij([t, i] q).

(XII1; 7) is apartial information function referring to information of partners
t and i, if q is neglected (or, say, in an experimental situation, if q is held
constant).

X111.4.2 We can see at once that there exists a simple additive relation
between (X I1II; 5) and (XIII; 7),

msifq, i) + ms/40,i] q) =
(X111; 8)
= mslog ms — yj = msifi, [t q]),

where msifi, [t, q]) is a multiple information estimate of partner i, with respect
to the pair of other partners. It is obvious that

msifi, [t,,]) = ANjHj(Vg + ... + VnjHfa), (X115 9)
i.e. (X1II; 8)isthe sum ofall the four local deviates. The main question is how
can one interpret (X III; 8) from the point of view of vegetation science.

X111.4.3 A primary explanation should start with the statement that
both (X 111.5) and (X I11; 7) are bounded in such a way that

0< I1Xq, i < 1A, Ig, tl),l
melyd ) meAh N J)I (X 1115 10)
0 < mslj([t, i]Jg) msifi, h, D]

Secondly, because of the composition of both information estimates of proper
local deviates, we might guess tha mslfq, i) approaches its upper hound if
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Kj approaches an L-state, and msij([t, i] |g) has an opposite “trend”. For
the sake of illustration, let us consider the local valence and invalence values
of two simple cases, where s = 4, m = 8, and where <A> and <B> represents
an Z-state and an L-state, respectively.

<A> <B>
4 4 8 0
4 4 8 0 (X115 11)
4 4 0 8
4 4 0o 8
16 16 16 16
Very simple calculation shows that
<A> <B>

(1) msij(a, i) 0 32

(2) + mslj([t, i] 1q) 32 0

3) mslj(i, [a, i) 32 32 (X 111; 12)

i.e. (1) and (2) has its maximum value in an L-state and an Z-state, respectively,
within the interval permitted by (3). This kind of complementary relation is
shown by data of (1X; 2) as well, where (1) 3.295 (2) 28.617 = (3) 31.912.

X111.44 If elements of a Q are labelled alphabetically such as Q =

= {a, b,c, ...}, and the particular (elementary) finite schemes are labelled by
capital letters, A = {a, 6}, B = {b, b}, ..., then we can denote mHj(A),
mHj(B), ..., particular local entropy functions (in brief, local entropy), related

to each element of Q. It is noteworthy that
mHj(A) + ... + milfS) ==THAb]) = ms/,([t, i] \q), (XIII; 13)

where m H ,([L]), pooled local entropy, equivalent to partial information estimate
msij([t, i] jqg), is called by Juhasz-Nagy and Podani (1983) local distinctive-
ness. [For simple data of (I1X; 2), mHj([L]) = 8 -f- 6.4906 -|- 7.6358 -)-
-(- 6.4906 = 28.617.] According to (I1X; 13), associatum is given by a relation
which in itself is a good illustration of a better understanding of attribute
duality; in words, associatum is equal to local distinctiveness minus floral
entropy. [For data of (I1X; 2), mifX) = 28.617 — 19.245 = 9.362.] The mean-
ing of local distinctiveness, however, is linearly complementary to that of
msli(g, i) which might be called local evenness. Both functions are meaningful
only with respect to ms/;(i, [q, t]), floristic insaturation. Because y, is a biased
D-shaped estimator (along the scale), floristic insaturation has a reversed
D-shaped curve, with a local maximum at Acomp, compensatory area (where
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Nj ~ rij). and with a global minimum at A min (ifit exists). Note that approach-
ing Amin, all these functions tend to zero.

X I11.5 The arguments used in X 111.4 can safely be transferred into floral
relations, gaining

(1) msij(t, i) = smlogm + Bj —vyy
(2) -j-mslj([q, i] 1t) = mslogs — Rj (X115 14)
3) msTj(i, [q, t]) = mslog ms —yj
where (1) isfloral evenness, (2) isfloral distinctiveness, and (3) is again floristic
insaturation. (1) is composed linearly as ANjHj(Vt) -f- AnjHj(vt), (2) can be

composed either as VNjHj(Vt) -(- Vn*HAVS), or as a pooled floral entropy esti-

mate, sHj([F]), analogous to (XI11; 13).
X I111.6 It is relevant to introduce at least two further information esti-

mates, namely,

msij([a, t] Ji) = msHj([q, t] ji) —msH (q ] [t, i) — msHj(t \[q, i]) =

= Y- Xj- Bp (X111; 15)
and
*y
— msHj(t j[q, i]) — msHj(i j[g, i]) =
= ms log ms — Xj — Rj. (X111; 16)
(XI1l; 15) is a partial information estimate of partners g and t, with respect to

partner i. In this case, the meaning of (X 1Il; 15) has the good interpretation
of a contingency information estimate for g and t, if condition labelled
by i is excluded, or, ifi is held constant. Note that although msl(q, t) 0,
msij([q,t] !i) @ 0, except special conditions (e.g. at Amin). (XI1II; 16) is the
joint information for our trio of partners. This quantity should be kept clearly
distinct from msij((q; t;i)) = Xj + Bj —y; which estimate (as [msH(q) f)
n msH(t) p) msHfi)]) is distinguished in the terminology of Gardner (1962)
as strictly defined interaction. We might call (X 111.15) and X III; 16) floristic
efficiency and floristic interaction, respectively.

X 111.6.1 By using (XIII; 15) and (X 11I; 16), some new additive rela-
tions can be gained, e.g.

mslj(q, i) local evenness
-f-mslj([q, t] ii) floristic efficiency (X115 17)
msij([q, i] 1t)  floral distinctiveness
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and
msTj(t, i) | floral evenness
-msij([q, t] 1'i) 1 floristic efficiency (X111; 18)
msTj([t, i] 1q9) local distinctiveness

X 111.6.2 (X11; 17) and (X II1; 18) illustrate again the main point of
1X.3.2, showing how can one gain some floral inference from some local quan-
tities (and vice versa) via some proper floristic estimate. The same is true for
(X111; 19),

msTj([t, i] 1q) local distinctiveness
-{-msTj([q, i] 1t) floral distinctiveness (X111; 19)
msij([q, t, i]) floristic interaction

where the equality holds, even if (X 111; 19) implies only the sum oftwo partial
estimates, because in this primitive system of models (as a consequence of
our probability field is being a classical one) several different quantities may
have the same value, e.g. msHfi \q) -- nisift, [q, i]) = msif[t, i] jqg) =
= smlog m —ctj. (Similar correspondences have been already taken into
account.) Floristic estimates, of course, have their own reference with respect
to each other, e.g.
msij([q7t] 1i) ! floristic efficiency
[a9. (J) j floristic insaturation (X 111; 20)
mslj([q, t, i]) | floristic interaction

X 111.7 Without going any further into some important details of the
three partners modelling, let us consider some close relations between associa-
tum and certain estimates treated above. Suppose we are interested here in the
boundary relations of mlf).).

X 111.7.1 Starting with/-marginals (viz. marginal idealizations), it is not
too difficult to see that

(1) if a Kjis in an F-l-state, then mTfX) = 0, because sm log m = og, and mti*f — 0,
(2) if a Kjis in an L-state, then mTj(X) = msTj(i, [g, t]) — m tif\

(3) if, in addition, an .L-state is anf-L state, then, since mtlyl= mTj(i, [q, t]), mTj(X) =
= (s- 1 [/, a]) (s- 1)ymHTF\

(4) and, if our f-L-state occurs at -4comp, then = m, and = (s — )nt,
which is the global maximum of associatum.

X 111.7.2 In a more realistic sense (i.e. in a topologically “local” sense
with respect to the scale),

max if?) -mlj{X) = msij{i. [g,r]) —mHI\ (X115 21)
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anil, therefore,

mij(X) — mij(X) = msij(q, i), (X115 22)

that is, the difference between the maximal and actual values of associatum is
equal to local evenness. (In other words, local evenness indicates the “niveau-
interval'T within which associatum can move.)

Fig. 6. An sR.f(A) versus T curve (see X 111.7)

X 111.7.3 According to (X III; 22), it is plausible to introduce (X II1; 23),
a redundancy estimate,

SRj2A) = 1 — mij(/.)jmsti(q, i), (X 111; 23)

in order to characterize a better relative associatum than (X; 1). Fig. 6 shows
the curve of (X 111; 23) for the same object as fig. 4 does. The present curve
is in many respects similar to that of fig. 4, but the second peak has a trans-
formation toward A min which property might make (X 111; 23) more “realistic”
than (X; 1). For instance, the position of this second peak is quite close to the
point, indicated in fig. 6, where the pooled positive association has its maxi-
mum.

X 111.8 A short comment is needed (at least, in the form of a few allusions
to be developed later on) to call attention to some important relations between
equivalence analysis and three partners modelling.

X 111.8.1 One of the key estimates is msl A[qg, t] | i), floristic efficiency.
It is easy to recognize that if a Kj is well-ordered, then

NjTj(E) + n,_/,(e)\-: msu(e? - (X111: 24)
= Vi - (6] — aj) = tnslj{[a, t] [i),
because (e-— dj) = NjH fV g\ VR) -)- njHj(vg jvr) — Bj. Since the equation

NjifK )+ njifk) = msifx) =
= Vi— - B ] 1i)

(X111; 25)
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is satisfied for any Kj, if a Kj is not ordered, then the joint estimate
Yj+yj=rjj=8j-0j- B (X 111; 26)
is to be taken into account.

X 111.8.2 This has the consequence that a number of equations of this
chapter can be rewritten in a suitable form, e.g.

msij([qg, i] It) = mslogs —(e; — d;) + 1jp (X 1115 27)

which relates floral distinctiveness to some degree of orderliness. If  approaches
orderliness, then (e;-— 6j) —=Rj, and, rjj —»0.

XIV. Two partners modelling

X1V .1 Suppose that, contrary to the reasoning of X I111.1, partner i is
neglected onthe whole, and only partner gand tare regarded as “true partners'”,
in exactly the same way as before (e.g. assuming classical probability field).
These two partners are characterized at the firstinstant by /-marginals. (This
kind of argument is perhaps “fitting” better to the traditional thinking of the
“trade” than X111.) It should be recognized, however, that we have already
used (say, in an implicit form) two kinds of two partners modelling, associated
with Njij(E) and Njlj(K). Therefore, the present task is to make relevant re-
lations more explicit, and try to show the proper interconnections between
these constructions.

X1V.2 First of all, it is necessary to reconsider coincidence information,
Njij(K), and incoincidence information, Ujifk), more closely, with particular
reference to extremal values and boundary relations.

X1V.2.1 If joint entropy, NjHj([VqVf) = Cj — 0 Cy, is introduced,
and NjHj(Vg, NjHj(Vt) are regarded as “familiar quantities” (see X 11.1),
then Nj7j(K) can be redefined such as

NpfVv i+ NjHfV,) - NjHj([Vg V.])

_ (X1V; 1)
= Cj- A}- Bp
with NjHfVqg I vy = Bj, and Anii¢ V, j Vg = Aj. Mutatis mutandis, similar
relations are true for njifk) as well.
X1Vv.22 If Kj is in an L-f-state, then® NjHj(Vq\V,) = log Sj,

NjHj(V, 1Vg = Njlog m, and, consequently, NjifK) = 0. If Kj is either in
a single f-state, or in a single i-state, without being in an oligovalence state
on the part of the other type of marginals (like in the case of an [IRC]), then
both Njij(K) and nffk) are greater than zero. If Kj is in an /-/-state, then
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NjHj(Vgl Vt) = Njlog §j, NjHj(VtIVg = N]log m;- and so coincidence in-
formation has its maximum, Njlj(K),

Njlj(K) = Njlog Nj (X1V; 2)

where Nj = ms/Nj (mean total densiy for coincidences), and, consequently,
the same is true for incoincidence information,

rijljik) = nj log np (X1V; 3)

where rij = ms/tij (mean total density for incoincidences).
X1V .2 For interpreting the pairwise bound,

0 <: Njij(K) < NjIi(K) ]

L . (X1V; 4)
0 <njTj(k) njlj(k) J
both the equations of (X1V; 5) and (XIV; 6),
ANjHj (Vg + VNHJI(Vg) = (XIV: 5)
= ANjHj (V,) + VNhHJ (Vt) = Njlj(K),
AnjHj (va) + VnjH] (vo) = j XIV: 6)
= ArijHj (vt) + VnjHj (v,) = njjik),j
and the additive relation of (X1V; 7),
NJTI(K) + njlik) = mslj(X) = | XIV: 7

= msij(i, [¢, i),

can be taken into account. (XIIl; 25) and (XIV; 7) show clearly that in the
present case there exist similar subdivisions, composed of the same estimates
(namely, f-deviates of X11.), than in (X1II; 8), or in (XIIl; 14). Further, by
virtue of (X I11; 20), (X I11; 25), and (XIV; 7), we can see the intimate relations
between three and two partners modellings, for instance, in the form of
(X1V; 8),

NjTj(K) + rijTjik) + msTj(i, [q,t]) = \%
= msij([q, t, 1),
where, in essence, we have the same subdivision than in (X 111; 20). If we de-

fine two special gain of information estimates of the second order,

ANJTj(K) = NjIj(K) — Njlj(K) 1 (X1V; 9)
An,ifi) = njlj(K) - njijk) f

Acta Botanica Hungarica 30, 1984



388 P. JUHASZ-NAGY

then it is to be recognized that
ANjTj(K) + Anjlj{k) - msifi, [q,i]) msif(q; t;i», (XIV; 10)
where msij((q; t; i>) = xj -j- Bj — yj, strictly defined interaction, mentioned in

X 111.6. (XIV; 10) means that the broadly and strictly defined interactions
play central role in interpreting /-marginal states by means of two partners

modelling.
X1V.3 In order to understand NjifE) even better than in part 1, or
in X 1., we can use the results of Ill. and XIV.2 for another revision of equiva-

lence information.
X1V .3.1 Starting with the well-known equations of (XI1V; 11),

N,T{E) = NjifK) - Yj,
Yj=Ej bpj- sj NjHj(Vgq1VK) - B

it is to be recognized that subcoincidence information, Yj, can be regarded by
definition as the sum in (X1V; 12),

v yir Yo, (XIV; 12)

(X1V; 11)

where the values of the multiplet variable R, R = 0, 1, ..., s, are implied in
members of (X1V; 12) as indexing numbers at tj (see Ill.). Note that fjO =

= yjs= 0, forany [ET], because = 1. If we have, for instance,
an [IRC], where, as in (V; 8),s= 4, m = s = 16, then we can set up easily
the three non-zero valued subcontingency tables, like (I11; 3), such as
= 1) R=2) A=173)
1000 1 I 1 1.0 00 3 1110 3
0100 1 100 110 3 1101 3
0010 1 0i 010 1 3 10 1 1 3 (XIV;13)
000 1 1 0010 11 3 01 11 3
111 49 4 2 2 2 2 2 2 12 3 3 3 3 12

for which YJ|’ 8 + 12 + 4.9812 = 24.9812. Let us call one table in (XI1V; 3),
or any such table in a similar series of tables, an elementary contingency sub-
table, [EST], and try to understand relations of (IX; 11) on the basis of (X1V;
12) by means of (X1V; 13).

X1V .3.2 It is fairly easy to conceive that for (XI1V; 13), or, even for any
[IRC], the pair of estimates, Y]= Y -y m= yj, are of maximum values, be-
cause any [.ES71 is in a double monovalence state, and this interlocal property
of an [ET] is responsible for such relations as N jifK) — Yj = Njij(E) = 0,
njij(k) —vyj = njij(e) = 0. Generally speaking, and using the notation of
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(I111; 4), for any [EST] of an [IRC], where 0 </ r </ s, the conditions of (XIV;
14)
r«f*

(X1V; 14)

are always satisfied; thus, y y, contingency information estimate for [EST] in
(X1V; 14) can be expressed as

Jjir = gjrr log (sir), (X1V; 15)
and, therefore,

_ r—1
o Lo -
Y j lgjrr 1°g (s/r) (X1V: 16)

Njlogs - B, = VN,HiVt).

For illustrating these extremely simple relations, we can write down the val-
ues of (XI1V; 15) for (XIV; 13) in order, gaining yjX= 4-1 log (4/1) = 8,
yj2= 6-2 log (4-2) = 12,yB=4-3 log (4/3) = 4.9812, and so Yj = 24.9812, as
before.

X1V .3.3 Contrary to the conditions of XIV.3.2, if a Kj is interlocally
well-ordered, i.e. if it represents an [IOC], then each [EST] is in an oligo-
valence state, like (X1V; 17),

1S/r

(s - 1) (X|V; 17)
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and, therefore, yjr= 0, Yj = 0. There are, of course, certain cases, like in
(X1V; 18),

u 1 0 0 00 O 0 O 1
v 0ol o0 1 1 1 1 5
w 0 0 1 0o 1 1 11 5
z 0 0 01 1 1 11 5

Il 11 1 3 3 3 3 16

where we have a mixture of (XI1V; 14) and (XIV; 18), and, therefore, Yj = 8
for (X1V; 18). We can rightly suppose that a still better understanding of
orderliness is possible with respect to these extreme cases.

X1V .4 Using reasoning of XI1V.2, (XI1V; 16) implies the double bound

Y j ViVjH j{V 1), j

(XIV: 19)
va < mslj(q, i1 j OJ

which shows how equivalence analysis is related to both three partners and
two partners modellings. If a K] is in an [IRC], then the upper hound of
(X1V; 19) is satisfied which means that floral distinctiveness of (X I1I1; 27) is
uniquely defined by rjj, that is, ANjHj(Vt) + AnjHj(vt) = rjj = msij(X) =
mslj([q, t] ji). If a Kj in an [IOC], then Yj and rjj disappear, and, therefore,
mstj(e) is uniquely defined by msfj(X), and, by relations of (XI1V; 10).

X1V.5 Of course, we might be interested in the problem of how order-
liness of some kind is composed of some elementary relations (e.g. qt £Q), or,
of some coalitional relations (e.g. Qk C (1). This problem leads us to the family
of diacretic models whose certain implications and importance will be dis-
cussed later on (see XVII.).

[C] SOME DIACRETIC MODELS

XV. Decomposition of associatum

XV.1 If we would like to study the populations one by one without
“loosing the common touch” (and, roughly speaking, this is implied in the
term “diacretic modelling”), then a plausible way of doing this is shown by the
following simple formalism.

XV.2 Starting with X 111.4.4, in particular, with (X 111.13), let us con-
sider population “a”. By letting

mH(A I[B,C, ..., s1) = (XV; 1)
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where
THAAY) = mH(A) — mij((A}), (XV; 2)
w here
mij«A}) = mij(A, [B,C, ...,S]) (XV; 3)
= min) — mij([A]), (XV; 4)
and where
miji{[A]) = mI,([B, C, ..., S]), (XV; 5)

it is possible to introduce the following decomposition (to be called more pre-
cisely, an elementary decomposition) of associatum, with respect to one single

population, namely, “a”:
0) mllj(A) local entropy
(2) - mHj({A}) complete dissociation
3) mfK A » complete association

(4) + mij([A]) subassociatum
(5) nitj(X) associatum

A similar decomposition is straightforward for all elements of Q.

XV.2.1 First, an explanation of terms is in order (see Fig. 6). (2) in
(XV; 6) is a multiple conditional entropy estimate for “a” with respect to all
other elements of Q. In other words, mHj({A}) is a measurable subset of
niHj(A), local entropy, that is not “shared” by any other population. (Hence
the name "'complete dissociation™ refers to the “unique interlocal behaviour”
of the population concerned.) On the other hand, (3) in (XV; 6) is complete
association of “a”, because it is the measurable subset of mHfA) which is in
some “interaction” with others, in the interlocal sense of the word (i.e. it is
“shared” by at least one other population). (3), in the form of (XV; 3), is a
multiple information estimate; that is, the difference of two closely related
quantities, associatum and subassociatum.

Fig. 7. Graphical explanation of model in XV. as a “measurable” VENN-diagram (see XV.2.1)
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XY .2.2 Secondly, note that in the first part of (XV; 6), namely in (1)—
(3), the main purpose of the construction is to distinct “a”; in the second part
/(4) —(5)1 of it, a special kind of elimination of*a” is aimed at. The key con-
cept of this elimination is subassociatum, related to [A], [A] = [B, C, ..., S],
a joint scheme not containing “a”. Therefore,

mIAAT) - mHj([L 1A]) - mHA"A (XV; 7)

where mHj([L [A]) is the pooled local entropy with the omission of “a”-data
(local distinctiveness without “a”), and

mHfA = THAB. C, .. ., S]), (XV; 8)

where mH"MA) floral subdiversity of an [ET], if local vector belonging to
“a” is eliminated. In other words, subassociatum is joint (total) information
of a 2x2 X e+~ X2 table, instead of being a joint information estimate of
a 2X2X *+-SX2 table.

XV.3 In a more detailed way,

mij«A>) = mip.) - mij([A])
= THAb]) - niiip - THAb 1A]) + mHAA]) =

={mHj[L] - THAb yfj} - {THA - mHAAD}, (XY;9)

where (XV; 9) is a difference of two kinds of gain of information estimates.
The first member of (XV; 9) refers to local quantities, only; the second member
of (XV; 9) reflects to interlocal quantities, which implies that

THOA]) = THA - THAB,.C, ..., S]). (XV; 10)

(XV; 10) is practically useful, because, in most cases, total dissociation can
optimally estimated by means of subdiversity values. “Subdiversity", as a
concept, has a special interest of its own; the present meaning is simple, be-
cause of the combinatorial interpretation of THA.

XV.4 Due to the meaning of terms in (XV; 6), it is possible to introduce
the concepts of associativity and dissociativity of population in the following
sense of the words.

XV.4.1 It is plausible to state that (a) associativity of population “a”
is of maximum value if and only if mMH4A}) = 0, mipAfl = mHfA), and
(b) associativity of “a” is of minimum value, if and only if mipAy) = 0,
mHAOA}) = niHj(A).

XV.4.2 For reasons to be considered later on (see XV1.), it is better to
follow another way of thinking of defining dissociativity. First, it is to be
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noted that complete dissociation estimates for all elements of Q are “indepen-
dent” from each other, and therefore, additive,

MHEA) « mH@sy « .+ rerisy == LV 11)

where m is called total dissociatum of Q. (Total dissociation is a measur-
able subset of mHy> which is excluded from all kinds of “interactions”, i.e.
manifested interlocal relations.) Secondly, by supposing that mHj{6{p} > O,

we can define for population “a
RM"A}) =1 H O A } )1 T H (XV;12
which redundancy estimate makes possible to rank populations according to

their degrees of dissociativity (0 <C R({A}) N
XV.5 For the sake of a primary illustration, let us consider an [ET] in

(XV; 13), where s = 3, m =8 mUf - 16, m B. = 8,
a 00001111 4
b 00110011 4 (XV; 13)
c 000O0T1TI1I 11 4
00112 2 33 12

The values of estimates (XV; 6) are shown by (XV; 14)

aand c b
(1) 8 8
2 -0 -8 (XIV: 11)
(3) 8
(i) +0

©)

We can see at once that “a” and “c” have a maximum degree of associativity,
and a minimum degree of dissociativity, while “6” has an opposite qualifica-
tion (with maximum degree of dissociativity, and minimum degree of asso-
ciativity). This observation is consistent with proper interlocal relations as
well. Since the pairs (a, b) and (b, c) are stochastically independent, but the
pair (a, ¢) is not independent (i.e. interlocally dependent), the special interlocal
role of “6” is explained by the relation that “6” is element of both independent
pairs, but it is not an element of the single dependent pair. This kind of simple
reasoning can be applied to an [IRC], as (I1X; 5), where, since all the possible
pairs are independent, and therefore all elements have a maximum degree of
dissociativity, and a minimum degree of associativity.
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XV.5.1 Turning to a less trivial case, consider (I1X; 2), where s = 4,

m = 8, and where rnH”" = 19.2453, = 9.3717, mHj{"6} = 10.3263.
The estimates of (XY; 6) for (I1X; 2) is shown by (XV; 15):

u \Y w z
(1) 8.0000 6.4906 7.6358 6.4906
) -3.2353 —0.0000 -3.2453 -4.0000
() 4.7547 6.4906 4.3905 2.4906
4 + 4.6170 + 2.8811 + 4.9812 + 6.8811
(5) 9.3717 9.3717 9.3717 9.3717

According to (XV; 15), (a) the associativity ranking of elements in (IX; 2) is:
VI>u> z; while (b) the dissociativity ranking of these elements is:
z Im ~ tvl,- v. Note that (a) is not related trivially to (6), et vice versa; for
instance, we cannot explain, without further considerations, why the tie
“n ~ tc” existsin (6), or, why v has in (XV; 15) its zero-valued complete disso-
ciation. Note, further, that the values of total dissociation can easily be esti-
mated by (XV.10), as it is shown by (XV; 16),

u v w z
<1> 19.2453 19.2453 19.2453 19.2453
.<2> 16.0000 1 19.2453 16.0000 15.2453
<3> 3.2453 0.0000 3.2453 4.0000

where <(1) is floral diversity, <2) is floral subdiversity, and <3) is total disso-
ciation.

XV.5.2 Ranking procedures are fairly important in understanding of
how elements are related to each other (see Orloci 1978b). There are, however,
different types ranking, and simple “cumulative ranks” (i.e. ranks by means
of pooled information estimates) might be rather misleading in several cases.

XVI. Notes on further modelling

XVI. 1 Clearly, (XV; 6) represents an elementary decomposition of asso-
ciatum, because this simple additive model refers to one single element of Q,
4i Cqi only. Suppose that we would like to generalize the reasoning of XV.,
in order to cover coalitional relations (or, speaking in more traditional terms,
“group relations”) of a Q as well, related to some Qk coalition of Q, Qk d Q.
This intention is justiliable for a number of good motives. For instance, this
kind of generalization opens up some new possibilities to a better interconnec-
tion of synmorphology and syntaxonomy (say, clustering methods) in the fu-
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turc. Similarly, if we were able to attach analogous estimates to coalitions
(and, say, to rank these coalitions according to their complete association or
dissociation of some kinds), then our knowledge would be more advanced as
to the “collective structural relations” of the communities.

XV 1.2 The first obstacle of making such generalizations is that mHy"' »
N omij(?i) -j- mHj{6"p}, because of the existence of “multiple overlaps”.
Taking again the simple example of (1X; 2), where m H = 19.2453, mij(A) =
= 9.3717, mH{di4} = 10.3263, the inequality indicated before is due to a
quantity, 0.453 in value, which is to be called “interassociatum” in this chapter.
Interassociatum may be, in a number of cases, of small value that can be oc-
casionally neglected. This negligence, however, should be an a posteriori
operation; a priori, it is at least to be clarified what is to be meant by inter-
associatum. Our present aim cannot go any further than to study briefly some
relevant estimates and basic relations whose better understanding and usage
will be treated in some next parts of this series of papers (or, elsewhere).

XV 1.3 Suppose that, in analyzing an [ET], we distinguish some multi-
plets, say, v-test of elements. Suppose, further, that we confine here our atten-
tion to local v-tets, 2 </ v <( (s — 1). A local multiplet of v order can he studied
by means of an interlocal scheme of the same order; the best known example
is a set of 2x 2 table, if v = 2. If we want to generalize the traditional “pair-
wise reasoning” of association analysis to any v, then we have to introduce a
general notation.

XVI1.3.1 Let mHAZff be the pooled interlocal entropy estimate of the
«-order, i.e. for the whole set of the joint schemes of the «-order. Let m IfZ ff
be corresponding pooled information estimate of the same order such as

mijilV} [smlog m —Xj] ™ Hj{zff =
XVI; 1
1 ( )

msTj{[t, i] lq) mHAZff,
v- 1

where msif[t, /] jq) is again local distinctiveness (see X I111.4).
XV1.3.2 In order to illustrate (XVI; 1), let us turn again to (IX; 2),

where mstj([t, i] \q) = 28.617, w A ~} = 76.0263, mlifzff = 66.4906,
and thus

28.617 — 76.0263 9.8247,
(XV1; 2)

28.617 - 66.4906 19.3604.
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The sums gained in (XVI; 2) have to correspond to the sums of proper inter-
local association estimates, e.g. 7/ 2"} = ml,([t/, Vf) mlj([W, Z]
where mij([U, V]) = 2.4906. mij([W, z]) = 0.1264. By listing information
estimates for triplets, m/;([U, v, w]) = 6.8811, mIf[U, V, Z]) = 4.9812,
mij([U, IF, Z]) = 2.8811, mlj([V, iV, Z]) = 4.617, and by adding these val-
ues, we gain again the sum 19.3604, as in (XVI; 2).

XV1.3.3 Having these primary pooled quantities, we can estimate inter-
associatum of the (v -f- 1) order such as

1
W (UH)]) jf L - v D omsHIt 1l - mHAY §)
(XV1; 3)

+ (»— 1 mlVp = mij{EP} — @ — 1) mij(X)
For instance, (XVI; 3) has the pair of values for our data of XV 1.3.2,

m/i([;. @)
m/i([A@B)])

19.3604 - 18.7434 = 0.617, }
9.8247 - 9.3717 = 0.453. J ' ’

XV1.3.4 The meaning of interassociatum of some order corresponds to
multiple interaction, exactly in the sense of Kullback (1959). Speaking perhaps
in more picturesque terms, interassociatum measures the multiple overlaps of
local entropy estimates of an [ET] at a given order. As Kullback explains it
properly, such interaction terms may be of negative values. The author has the
experience that, during a secondary succession, the progress of degradation is
frequently resulted in the increase of negative interassociatum estimates,
sometimes for the majority of orders.

XVI1.4 The concept of interassociatum is closely and complementarily
related to that of dissociatum. The primary point is that if we do not consider
total dissociatum (as in XV 1.4.2), then, as in XV 1.3, we should tackle dissocia-
tum estimates of different orders.

XV1.4.1 Using the same reasoning and symbolism as before, dissociatum
of the (v -)- 1) order can be estimated as

1"+1} s—1 _y msij([t, f] @ — mHfI'p} +
v—1 (XVI; 5)
+ (v + 1)mHj,)  msij(t, i] 9 - [(« + DmIj(X) - miffi'}].
Ifv= (s —1),then (XVI; 5) is happily reduced to (XVI; 6),
MHj{6is)} = smH> - mHj{If -} (XVI; 6)
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where total dissociatum can be regarded as a special kind of gain of information
estimate. For data of (X I; 2), the value of (XV1I; 6) can be givenas m H fo =

= 4 +19.2453 — 66.4906 = 10.4906, as before. Note that smH/J in (XVI; 6)
is specifically weighted floral diversity.
XV1.4.3 The main importance of dissociatum is shown by (XVI; 7),

mMH?' = THOTF L + miR) - T/IAA(+D]), (XVI1; 7)

where we have a well-defined additive subdivision of floral diversity as an
“overall uncertainty hound” for interlocal relations. The particular subdivi-
sions for data of (I1X; 2) are given by (XVI; 8),

3) 19.2453 = 10.4906 + 9.3717 - 0.617 |
2) 19.2453 = 10.3266 + 9.3717 - 0.453 | (XV1;8'

(v
(V

As it has been stressed before, interaction terms (i.e. interassociata) might be
neglected, if the particular values are small, but it is always relevant to know
how such an additive composition is built up as (XVI; 7).

XVI1.5 (XVI; 7), however, is by no means the only additive subdivision
which can he constructed from our present, our closely related estimates. Some
examples are given for further use.

XV1.5.1 By simple rearrangement of proper terms, it is obvious that

= THA - THAAA (XV1; 9)

We may define a new estimate, called manifest associatum,
mij{\vy) = tmiR) - mi{EF>} (XVI; 10)
which play a fairly important role in understanding of how associatum and
interassociatum are related to each other. Using (XVI; 9) and (XVI; 10), we

can obtain an interesting subdivision of mslIfi, [q,i]), floristic insaturation
(see X 111.4),

mslj(q, i 3.2952]. mficA 12.6669
« » = .
€ mij(X) 93717y ™
“mtR(3)} 8.7547]. .

3 = 19.2453
+mHj{sfi) 10.4906] T" A

msij(i, [(. t]) 31.9122

where mIB X)) is hyperassociatum, possible local maximum for given data.
XV1.5.2 By defining two new estimates,

msifit, i] \gi'-tf) = (v + L) miR) - m Tflff, (XV1; 12)
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called manifest local distinctiveness at a given order, and,
m!j{n*} = miB) - (s- 1) (XVI; 13)

called local particulatum at a given order, it is possible to introduce several
other subdividions. A particularly important one is shown by (XVI; 14),

mtBw} = mij{nf} + m//[A(o+l)]) (XV1; 14)

which is a subdivision of manifest associatum into two component estimates,
particulatum and interassociatum. The relevance ofthe concept “particulatum?”
is shown by the triple comparison:

— dissociatum indicates “no interaction”
— particulatum indicates “partial interaction”
— interassociatum indicates “full interaction ’

at a given order and in a given context. In other words, particulatum is the

measurable subset of mHV* which is not shared by all elements of Q at a given
order. Using these new estimates, we can produce another subdivision of
floristic insaturation, simdar to (XVI; 11),

mslj(q, i) 3.2952
9.3717 1
+ mlj{H<?} 7.5207 1 msTj([t, i] 193 = 18.1264
+ mlj{\4)} 1.2340)
+ mHj{6"} 10.4906

msijii, [q, (1) 31.9122

XV 1.6 Without listing further a number of interesting additive relations,
let us turn hack to our primary concern (XV1.1), i.e. possible coalitional sub-
divisions of relevant estimates.

XV1.6.1 First, it isto be noted that, having a number of new estimates,
the pooled data of (XV; 15) make sense

(1)  msij(ti] 1q) 28.6170
(2) -mH{6is} -10.4906
(3)  mshjdL ilir/-4) 18.1264 (XVI; 16)
4) +19.3604
(5)  smi/A) 37.4868

where, for instance, (3) is the proper manifest local distinctiveness, or, (4),
sum of subassociatum estimates, appears in (XV1.16) as the pooled informa-
tion estimates for triplets, as in (XVI; 2).
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XV1.6.2 Suppose we are interested here in coalition Qk, Qk p| Qk= Q.
In a more complicated case, we have a partition of Q, Qv Q2 ..., Qk, ..., i.e.
u Qk= Q, Q Nok= 0,jVv k) Then, ad analogiam of (XV; 6), we can set
K

up (XVI; 17) for Qk

(1) mHj([Qk]) coalitional entropy
(2) + rij([QKD) coalitional association
(3) mij{QKk} special distinctiveness
(4) ~mEj(0:QKk) elimination entropy
(5) mTj((Qk}) complete association
(6) + mIk([QK]) subassociatum

(v m/ly(A) associatum

Special distinctiveness can be estimated as
mij{Qk} = km log m — xjK\ (XVI; 18)

where X j, x"P <7 otj, is the sum of local estimates of those elements that are
elements of Qk. Elimination entropy,

mHj(0 :Qk) = mHM - THAWK]), (XVI; 19)
can be regarded as a special kind of gain of information estimate, with respect

to Qk. (XVI; 20) gives a primary illustration of (XVI; 17), only for three pairs
of elements, and using only the numbers of (XVI; 17):

(u, v) (u, w) (v, w)

(i) 12.00 15.24 10.39
+(2) 2.49 0.39 3.73
(3) 14.49 15.63 14.12
-(4) 5.24 6.85 7.24
(5) 9.25 8.78 6.88

+ (6) 0.12 0.59 2.49
(7) 9.37 9.37 9.37

XV1.6.3 Fortunately enough, (XVI; 17) and (XVI; 20) are “redundant”,
because

MjW=-m(@- H[Q)- mH- TU@- M@ .
=mMj([QK <2 + M) + Mj([CK, |
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and, by (XVI; 21), the relations of (XVI; 17) are reduced to the form of
(XV1I; 22)

(u,v) (». «0 (n, 2)
mijdQkl) 2.4906 0.3905 2.4906
+ mlj(1IQk}, W ) 6.7547 8.3905 3.1452
"»/;(«?*>) 9.2453 8.7810 5.6358
+ mTj([QK]) 0.1264 0.5907 3.7379
mij(X) 9.3717 9.3717 9.3717

Note that because m| ([QK], [CK]), collective association, is a symmetric quantity
(since Qk (J Qkis a symmetric relation in itself),

mlj([QK, [&]) = m 10K, [<¥])
- THOK) + wirkmy - mHA

(XV1; 22) is partly informative for the other three pairs as well. [This is why
the pair (u, r) is chosen here, instead of (v, w), as in (XV1I; 20).]

XV1.6.4 Note, further, that the sum of the collective association esti-
mates is equal to the value of manifest local distinctiveness, i.e.

smij([t,i] 9@ + mi/lP} = 3 «1/0A)1 (XVI: 24)
18.2904 + 9.8247 = 28.1151 j '
which has the implication that
2 +mij(x) - smij([til 1/2) = T/A A Q@] XVI: 25)
18.7434 - 18.2904 = 0.453 '

as before.
XVIl. Some interim remarks

XVIl.1 These models can be useful in several ways. For instance, we
might be interested in ranking coalitions, according to their complete associa-
tion. (During a process of some kind, we should face, of course, the difficult
problems of “trans-ranking”.) This argument may lead us to redefine the old
but still unsolved problems of “dominance structures” of communities (see
May, 1981). It is perhaps not too far-fetched to believe that the most dominant,
the second most dominant etc. elements or coalitions are not defined only by
their abundance relations hut, prima facie, by their iiassociational powers” by
which they truly “dominate” over other elements or coalitions.
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XV 1.2 Let us make a distinction between (a) autophenetic and (b) syn-
phenetic patterns. Concept (a) is related to one single element of a set, like the
Bangorian “species pattern” representations. Concept (b) is related to all (or,
at least, conventionally all) elements of a set, like a number of diversity pattern
representations (see e.g. Greig-Smith 1964; Patit and Rosenzweig 1979).

XVI11.2.1 The efficient translation of (a) to (b), and vice versa, is still
very limited. The aim of the present paper was to describe some tools to make
this kind of communication, or, translation more efficient. The syncretic models
of [B] and the diacretic models of [C] refer, of course, to some synphsnetic and
autophenetic patterns, respectively.

XVI1l.2.2 We should be aware of the fact that some seemingly simple
problems are “classical” but somehow neglected. Ky1in, for instance, had
made clear and operational distinction between the “minimiareals” of a species
and a community (see Goodat1 1952). Instead of forgetting important results,
it is much better to try to follow the tracks of our ancestors.

XVI1l.3 If we generalize the reasoning of Ky1in and others, then all
concepts of X. (e.g. characteristic points, intervals, scaling, screening etc.)
have to be interpreted for elements and coalitions as well. We might guess
that there exist some empirically “good” (although probably not simple)
relations between certain autophenetic and synphenetic parameters. For in-
stance, in the the majority of cases there is an accumulation of particular
maxima of complete dissociation for most populations around Adiss, the char-
acteristic point, where total dissociatum reaches its maximal value. The de-
tection of such “multi-pattern” relations can be made only by having a reason-
ably rich repertoir of models. The next parts of this series will keep this aim
in view.
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